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Abstract 



The holomorph of a discrete group G is the universal semi-direct product of 
G. In chapter 1 we describe why it is an interesting object and state main results. 

In chapter |21 we recall the classical definition of the holomorph as well as this 
universal property, and give some group theoretic properties and examples of 
holomorphs. In particular, we give a necessary and sufficient condition for the 
existence of a map of split extensions for holomorphs of two groups. 

In chapter 01 we construct a resolution for Ilol(Zpr) for every prime p, where 
Zm denotes a cyclic group of order m, and use it to compute the integer homology 
and mod p cohomology ring of Hol(Zpr). 

In chapter |3] we study the holomorph of the direct sum of several copies of 
Zpr. We identify this holomorph as a nice subgroup of GL{n + 1, Z^r), thus its 
cohomology informs on the cohomology of the general linear group which has been 
of interest in the subject. Using a map of split extensions from chapter |2l we show 

that the Lyndon- Hochschild-Serre spectral sequence for H* I Hoi I © Zpr ) ; E 



n 



does not collapse at the E2 stage for > 8. Also, we compute mod p cohomology 
and the first Bockstein homomorphisms of the congruence subgroups given by 



Ker I^Hol Zpr j ^ Hoi Zp 

In chapter El we recall wreath products and permutative categories, and their 
connections with holomorphs. We show that the families {Ant{G"'),n > 0} and 
{Hol(G"),n > 0} form permutative categories. 

In chapter El we give a short proof of the well-known fact due to S. Eilenberg 
and J. C. Moore that the only injective object in the category of groups is the 
trivial group. 
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Chapter 1 
Introduction 

1.1 What is the holomorph of a group and why 
to study it 

The holomorph of a group K, denoted by Hol(i^) and defined below, is a semi- 
direct product of K and its automorphism group Aut(ii'). It is the universal 
semi-direct product of K in the sense described below. A semi-direct product of 
groups K and H, denoted by k is a variation of a product: elements of 
K \K H are pairs {k, h) where is in and h is in H, but the multiplication is 
twisted, i.e. {k,h){l,m) ^ {kl,hm). 

The difference between direct products and semi-direct products of groups is 
like the difference between Cartesian products and "twisted" products of spaces. 
For example, an untwisted band shown in figure ITTT] is the Cartesian product of 
a circle and an interval, while a Mobius band shown in figure 11.21 is a "twisted" 
product of a circle and an interval. Both can be obtained from a square by gluing 
one pair of opposite edges, but for the Mobius band the orientation of one side is 
reversed. These two spaces are not homeomorphic. However, they are homotopy 
equivalent (being both homotopy equivalent to a circle). 

A more interesting example is a torus (surface of a donut), the Cartesian 
product of two circles, and a Klein bottle, a "twisted" product of two circles. A 
torus can be obtained from a square by gluing the opposite edges as shown in 
figure II. H[ A Klein bottle is also obtained from a square by gluing the opposite 
edges, but now one pair should be glued in a twisted way: see figure 11.41 

A torus and a Klein bottle are not homotopy equivalent. This can be shown 
for example by computing their fundamental groups and showing that they are 
not isomorphic. The fundamental group of a torus is 

< a,b\ aba~^b~^ = 1 > = < a,b \ ah = ba > = ZxZ, 




Figure 1.4: Klein bottle 
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the direct sum of two copies of Z. The fundamental group of a Klein bottle is 

< a, 6 I abab^'^ = I > ^ < a,b \ ab = ba'^ > = Z x Z, 

a semi-direct product of two copies of Z. These two groups are not isomorphic 
e.g. because the first one is commutative while the second is not. 

Semi-direct products occur frequently in algebra and topology, and have been 
studied a lot. Thus the holomorph of a group, being the universal semi-direct 
product in the sense described below, is an interesting object to study. It is 
constructed as a subgroup of the "symmetric group on the set of elements of the 
group". More precisely, let S{K) be the group of set automorphisms of the set 
of elements of K with multiplication given by composition. If K is finite, then 
S{K) is the symmetric group on \K\ letters. Let 

K S{K) 

be the Cayley map. Also, consider the action of Aut(i^') on the set of elements 
of K given by / : a i— > /(a) for / e Aut(i^') and a & K. This gives an inclusion 

Aut{K) S{K). 

Definition I2.1.1L The holomorph of a group K, denoted by Ilol(-ft'), is the 
subgroup of S{K) generated by the images of ix and «Aut{if)- 

Below we list some facts about Hol(if). 
Facts. 

1. There is a split short exact sequence of groups 

1^ K Hol(K) ^ Ant{K) 1. 

2. The group Hol(i^) is the universal semi-direct product of K, namely 

(a) For any group homomorphism : if — Aut(i^') there is a map of split 
extensions 

1 > K e^,,, H . 1 

ii 

/ 



K — ^ Hol(K) — ^ Aut(ir) 



32 



where ^^^^ is the pullback. 
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(b) For any split extension l^K^G^H^l there is a unique homo- 
morphism H Aut{K) such that the pullback in the diagram above is 
isomorphic to G. 

(c) That is, there is a one-to-one correspondence between the set of spht ex- 
tensions of K and group homomorphisms with target Aut{K). 

3. Let P be a permutation group on q letters (i.e. a subgroup of Sg). The 
wreath product P ^ G is isomorphic to the pullback ^ in the diagram 

e ^ P 

HoKG"?) > Aut(G"?) 

where P Aut(G"') is the composite P ^ Sg --^ Aut(G"^). 

4. The group Hoi ^© is isomorphic to a maximal subgroup of GL{n+ 1, Z2). 

5. Let Bg denote a classifying space for a group G, and let Eq denote a principal 
G-bundle. The action of Aut(G') on G induces an action of Aut(G) on Bq, and 
we have the associated bundle 

Bg Bg XAut(G) -E'Aut(G) -BAut(G), 

where Bg XAut(G) -E'Aut(G) is a classifying space for Hol(G). Thus if G is discrete, 
then Bg XAut(G) -SAut(G) is an Eilenberg - Mac Lane space i^(Hol(G), 1). 

Let us mention a related work by M. Furusawa, M. Tezuka, and N. Yagita. 
Since S"^ x ^Ms a Pz®z, taking P of Z © Z twice gives the bundle 

Bs^xS^ -851x51 Xg'L(2,Z) Egl{2,Z) Bgl{2,Z)- 

Let r be a subgroup of SL{2, Z) ^ GL{2, Z), and take the pullback 

^ ^ r 

-851x51 XgL(2,Z) Egl{2,Z) ^ Bgl(2,Z) 

The cohomology of such puUbacks were studied in |FTYj . 

The purpose of this work is to study some general properties of holomorphs, 
and compute the cohomology of holomorphs for some natural and interesting 
examples of groups. For instance, if = © P where P is any commutative 
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ring with a unit, e.g. Z or Tj/rnL, then Aut(-ft') = GL{n,R), the general hnear 
group of n by n matrices with entries in R (the general linear group is the group 

of invertible matrices). Thus Hoi I ©i? J is the semi-direct product of ©-R and 

GL{n, R) via the natural action of GL{n, R) on © R. The general linear group is 

n 

of great interest to topologists. We show that GL{n,R) and Hoi ^©-R^ inform 
on each other. 

Homology and cohomology of groups are an interplay between algebraic topol- 
ogy and homological algebra. They can be defined purely algebraically or topo- 
logically (see |iAMj . [B] . [M]). Low dimension homology and cohomology groups 
have simple algebraic meanings, e.g. the first homology, Hi{G), is the abelianiza- 
tion of the group G; if K is abelian, then H^{H; K) classifies central extensions 
l^K-^G-^H—^\; and H^{H; K) gives the obstruction for existence of such 
an extension. Higher dimension homology and cohomology groups have further 
interpretations in terms of extensions. 

Main results of this work are listed in the next section. 



1.2 Main results 

In chapter |21 we state some group theoretic properties of the holomorph. In 
particular, in section 12.41 we study homomorphisms between holomorphs of two 
groups. 

Definition 12.4. IL Let G and H be groups, and lei F : G ^ H and F' : 

Aut(G') Aut(/7) be group homomorphisms. Then F and F' are called com- 
patible if for every x E G and every g G Aut(G') 

F\g){Fix)) = Figix)), 

i.e. the diagram 

G G 



H 

is commutative for every g G Aut(G'). 

Theorem The map of sets F" : Ho^G) Hol(if) defined by 

F"((/,x)) = (F'(/),F(x)) (*) 
is a group homomorphism if and only if F and F' are compatible. In this case 
we have a map of split extensions 
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1 ^ G HoKG) — ^ Aut(G') > 1 

F' {**) 

1 > H Hol(i7) — ^ Aut(/7) ^ 1 

i-z 

Conversely, for any map of split extensions (**), F and F' must he compatible 
and F" is defined by (*). 

For example, if {r*(G)} is the descending central series for a group G, then 
as shown in example 12.4.91 the natural homomorphisms G G/r^{G) and 
Aut(G') Aut(G'/r*(G')) are compatible, and hence give a map of split ex- 
tensions Hol((j') Hol(G'/r*(G)). Some other natural examples of compatible 
homomorphisms are given in 12.41 

In section 12.51 we study modules over the group ring of a split extension. In 
particular, we show that any free Z[i^']-module can be turned into a Z[Hol(ii')]- 
module using the natural actions of K and Aut(i^') on 7j[K]. This fact generalizes 
to the case of an arbitrary split extension. 

Theorem 12.5.11 Let DJIg, ^k, and^x denote the categories of ZlGj-modules, 

^[K]- modules, and free 1,[K]-modules respectively. We have the inclusion '^k "—^ 

f 

DJUk and forgetful functor DJIg DJIk- Let be the pullback, i.e. the category 
of 'L[G\-modules that are free overZlK]. Then the top map in the diagram 



Mg 

is a split epimorphism. 

In chapter 121 we compute the integer homology and mod p cohomology ring of 
Ilol(Zpr) for any prime number p, whose description in terms of generators and 
relations is given in section EIH for p = 2 and in section ITBl for p odd. In case p 
is odd Hol(Zpr) is metacychc, and mod p cohomology rings of metacyclic groups 
were computed by Huebschmann in [H]. However, the author has learned about 
the work of Huebschmann only after this work was done. Also, we will need to 
know the behavior of the LHS spectral sequence in chapter El so we will state 
some intermediate results and show the spectral sequence, but omit some details 
of computations. In addition, we compute the Bockstein homomorphisms. 

We will use the method described in [W| to construct an explicit resolution 
of Hoi (-ft"). Namely, in Wall showed how, given a short exact sequence 
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where K is a normal subgroup of G, and given resolutions for K and H, to 
construct a free resolution for G. He applied his method to find an explicit 
resolution for a split extension of cyclic by cyclic groups, and used this to compute 
its integer homology. 

li r > 3, H = Aut(Z2'-) is the direct sum of two cyclic groups, so we generalize 
Wall's resolution to cover this case. The explicit resolution is given in section 1X51 

The cohomology rings Hol(Zpr) follows. 
Theorem 13.5. 2L 

1. Ifr > 3, then if*(Hol(Z2r; Fa)) = 

= A(x) (8>F2[a, b, c, y, z]/a^ = ax + ay, az = 0,ab = by, b^ = acx + bxz + acy, 
where \x\ = \y\ = \a\ = 1, \z\ = 2, \b\ = 3, and \c\ = 4. 

2. //*(Hol(Z8;F2)) ^ 

= F2[a, b, c, X, y]/a'^ = ax + ay, ax^ = 0,ab = by, 6^ = acx + bx^ + acy + cx"^ , 
where \x\ = \y\ = \a\ = 1, |6| = 3, and \c\ = 4. 

Theorem I3.7.1L 

/J*(Hol(Zpr); Fp) = A{do, di,..., rfp_2, e, x) ® Fp[/, z\/didj = diC = diZ = 

where \di\ = 2{p - + 1) - 1, |e| = 2p(p - 1) - 1, |/| = 2p(p - 1), |x| = 1, 
\z\ = 2. 

The last theorem also follows from theorem A, part (2), of [H]. 
We also compute the continuous cohomology of lim(Hol(Zpn)). 

Theorem mull if;<,„i(lim(Hol(Zpn)); Fp) = 

A{x) <S) F2[u, y]/u'^ = ux + uy, \x\ = \u\ = \y\ = 1, p = 2, 
A(x), |x| = 1, p is odd. 

(1+t)^ 

The Poincare series o/ if*o„j(lim(Hol(Z2n)); F2) is — . 

In chapter |3] we study the holomorph of the direct sum of several copies 
of Zpr. This holomorph is identified as a subgroup of GL{n + l,Zpr) with 
certain properties listed in section 14.11 For example, one property is that if 



p^ = 2, then Hoi I ©Z2 is a maximal subgroup of GL{n + 1,Z2). If r = 1, 



Sylp ^Hol ^© Zp J J = Sylp + 1, Zp)). Thus the cohomology of such a 

holomorph informs on the cohomology of the general linear group which has been 
of interest in the subject. Using a map of split extensions from chapter |21 and 
an analogue of the Dickson algebra, we show that the Lyndon-Hochschild-Serre 



(LHS) spectral sequence for the cohomology of Hoi ( © Zp.- ] does not collapse at 
the E2 stage: 



Theorem I4.2.2L The LHS spectral sequence for the extension 



1 © Zpr ^ Hoi © Zpr _> Aut © Zpr ^ 1 

does not collapse at the E2 stage if p = 2 and r > 3, or p is odd and r > 2. 
Corollary sis Letn>2. Then 



if p = 2 and r > 3, or if p is odd and r >2, where the local coefficient system is 
that in \4.2.^ 

In section 14.31 we show that for p odd, the kernels of reduction maps 



Hoi I © Zp. 1 ^ Hoi ( © Zp 



form an infinite uniform tower (the definition of a uniform tower is recalled in 
14. 3|) . and compute their mod p cohomology, as well as the first Bockstein homo- 
morphisms in case p > 5: 
Theorem I4.3.10L For any prime number p, 

H* (r^J ¥p) ^ A{xij, xi) ® ¥p[si„ si] 1 < J, k,<n 

where \xij\ = \xi\ = 1 and \sij\ = \si\ = 2. Also, the first Bocksteins are given by 

n t-1 



^ ^ -^ti-^iu ~l~ ^ ^ •^iu-^ti if t <^ U 

i=t 1=1 
n t-1 

^ ^ •^ti'^iu ~l~ ^ ^ -^iu-^ti if t U 



i=t+l 
n 



i=l 
t 



^ ^ •^ti'^iu ~l~ ^ ^ '^iu-^ti if t ^ U 

i=t+l i=l 

n 
i=l 



f3{Xt) = 

1=1 
n 

PiSt) = ^{StiXi - SiXti) 



i=l 
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In chapter we recall wreath products and their connections with holomorphs. 
In particular, we show that for any group G, SqlAMt{G) and S'g^Hol(G) are natural 
subgroups of Aut(G"^) and Ho^C^) respectively. 

Also, we show how the families of groups 



admit additional structure. 

Theorem 15. 3. 11 The above families form permutative categories. 

Chapter is independent from the preceding ones. There we give a short 
proof of the following well-known fact proved in |EMJ. 

Theorem 16.1.21 fS. Eilenberg and J. C. Moore) The only injective object in the 
category of groups is the trivial group. 



{Aut(G'"),n > 0}, 



{Hol(G"),n > 0}, 



and 
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Chapter 2 

Holomorph of a group 



2.1 Classical definition of Hol(i^) 

Classically (see e.g. [Kj p.90]), B.o\{K) arises as follows. If if is a normal subgroup 
of a group G, then every inner automorphism of G induces an automorphism of K. 
Since inner automorphisms are easier to study than automorphisms in general, a 
natural question is, given a group K, does there exist a group G containing K as 
a normal subgroup, and such that every automorphism of K is induced by some 
inner automorphism of G7 The answer is "yes" , and an example of such a group 
G is HoKif). 

Let S{K) be the group of set automorphisms of the set of elements of K with 
multiplication given by composition. If K is finite, then S{K) is the symmet- 
ric group on I if I letters. The group K acts on the set of its elements by left 
translation: 

if X, a G K, then x : a ^ xa. 
This action gives the inclusion 

K S{K) (2.1) 

known as Cayley map. Also, the group of automorphisms of if, Aut(if), acts on 
the set of elements of K by applying the automorphism: 

if / G Aut(if) and a G if , then f : a ^ f{a). 
This gives an inclusion 

Aut(if) S{K). (2-2) 

Definition 2.1.1. The holomorph of a group if, denoted by Hol(if), is the 
subgroup of 5'(if) generated by the images of ()2.1|) and ()2.2|) . 

Equivalently, Hol(if) is the normalizer of the if in S'(if) (see [R]). 
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2.2 }{ol{K) as a split extension 

For / e Aut{K) and x e K, 

(iKix) o iAut{K)if))ia) = xf{a) = f{f-^{x)a) = (iAut(K)(/) <=> iiK(/"^(x)))(a), 

therefore every element of Hol(i^r) can be written as a composition iAut{K){f) ° 
ixix) for some / G Aut(i^') and x E K. Now let us denote this composition by 
{f,x). Then zj^(x) = (l,a;) and iAut{K){f) = (/,!)• 

Thus elements of Hol(ii') can be written as pairs (/, x) where / G Aut(-ft') 
and X E K, and multiplication is given by 

{f,x){g,y) = (/,l)(l,a;)(^7,l)(l,y) = (/, y) = ifg,g-\x)y). 

A trivial but a useful fact is that the inverse of (/, x) is 

if,x)-' = ir\fix'')). 

From now on, we will identify K with its image in Hol(-ft'). 

Lemma 2.2.1. K is normal in Hol(-ft'), and every automorphism of K is induced 
by an inner automorphism c»/Hol(-ft'). 

Proof. {f,x){l,y){f,xy^ = (/, x)(l, ?/)(/~\ /(x^^)) = {lj{xyx'^)). This proves 
the first statement of the lemma. 

In particular, for x = 1 we have (/, 1)(1, ?/)(/, 1)~^ = (1, /(?/)) which means 
that the automorphism / of -ft" is induced by the conjugation by the element 
(/,1) in Hol(K). 

□ 

Clearly, the quotient group }lo\{K)/K is isomorphic to Aut(-ft'). Thus we say 
that Hol(i^) is the extension of K by Aut(i^r) via the natural action of Aut(i^) 
on K. 

It is well-known that the short exact sequence 

1^ K Hol(K) ^ Ant{K) 1. 

is always split, namely there is a section Aut(ii') Ilol(i^) defined by s{f) = 
(/, 1), and that Hol(-ft') is the universal semi-direct product of K in the sense of 
the theorem 12.2.31 below. For K abelian, this theorem is proved in |BBj . The 
author does not know a reference for the general case. 
First recall the definition of a pullback. 
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Definition 2.2.2. Let H, G, and L be groups. Given homomorphisms H L 
and G L, the puUback ^ is the subgroup of H x G consisting of all pairs 
{h,g) such that (^{h) = 9{g). We then have the commutative diagram 



P2 



G 



H 



L 



where pi and p2 are projection onto the first and second coordinates respectively. 

Theorem 2.2.3. (1) For any group homomorphism (p : H Ant{K) there is a 
map of split extensions 



K 



K 



b,32 



f 

Hol(ir) 



J2 



H 



Aut{K) 



(2.3) 



(2) For any split extension l—^K^G^H^l there is a unique map 
H — > Aut(f^) such that the pullback in the diagram above is isomorphic to G. 

Proof. (1) An element of the pullback has the form {h,{a,x)) where h E H, 
(a,x) G Hol(-ft') s.t. (j){h) = j2{{a,x)) = a. Define si and ii by si{h) = 
(/i, (0(/i), 1/r)) and ii{x) = (1/f, (lAut(it), a;)). Then 



1 



K 



P.J2 



H 



is a split extension and ()2.3p is clearly commutative 

S3 

(2) Given 1 — >K ^G — 

J3 



H — >1, define 4> : H ^ Aut{K) by 



'^(ssi^h) -^xssi^h)), and obtain the diagram ()2.3|1 . 



Define 9 : 



>,32 



G by 6{{h, (a, x))) = S3{h)is{x). It is easy to see that 
> K — ^- — > pullback > H 



1 



K 



G 
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"3 



H 



is commutative, therefore 9 is an isomorphism by the 5-lemma. 

Example 2.2.4. Let G = K x H. Then the homomorphism H 
()2.3p is the trivial homomorphism. 



□ 

Aut(K) in 
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2.3 Other properties and examples of holomorphs 

Example 2.3.1. If K = Z3, Ant{K) = Z2. It is easy to check that Ho^Zg) is 
not abehan and has order 6, thus Hol(Z3) = 5*3. 

In fact, B.ol{K) is abelian only in two CcLSGS cLS shown in the lemma below. 

Lemma 2.3.2. The group Hol(i^') is not abelian unless K is trivial or K = 1^2. 

Proof. (/, x){g, y) = {g, y){f, x) implies that fg = gf and 

g-\x)y = f-\y)x. (2.4) 

In particular, for y = 1, we have g~^{x) = x, thus Aut(-ft") is trivial. Then 
fl2.4j) implies xy = yx, i.e. K is abelian. If K has a cyclic subgroup of order at 
least 3, then Aut(-ft') is not trivial because the automorphism group of a cyclic 
group of order n > 3 is non-trivial (it consists of multiplications by numbers 
between 1 and n, and relatively prime to n). Aut(Z2 © Z2) is also non-trivial, 
thus K is either a trivial group (in this case Hol(i^r) is also trivial), or isomorphic 
to Z2 (and so is 1101(7^^)). □ 

Holomorphs of cyclic groups are studied in chapter El 

Example 2.3.3. If K = Z2 © Z2, obviously every permutation of the 3 noniden- 
tity elements is an automorphism of K, so Aut{K) = S3, thus Hol(Z2 ©Z2) is an 
extension of Z2 © Z2 by ^3. We know that Hol(i^) is a subgroup of S{K), and 
|Hol(Z2©Z2)| = |Z2©Z2H53| = 4-6 = 24= {S^l. Therefore Hol(Z2 ©Z2) = 84. 
The extension 1 — Z2 © Z2 — >■ 6*4 ^ 5*3 1 is an exceptional one appearing 
in work of Dickson. This is one of only four examples when Ilol(fC) = S{K) as 
proved in the following lemma. 

Lemma 2.3.4. The inclusion Ilol(-ft') S\k\ is an isomorphism if and only if 
K is isomorphic to the trivial group, Z2, Z3, or Z2 © Z2. 

Proof. If Hol(ir) ^ then |Hol(ir)| = \S\k\\ = \K\\. Therefore |Aut(K)| = 

— = (li^l — 1)!. Every automorphism preserves the identity element, so the 

\K\ 

maximum possible order of Aut(i^') is {\K\ — 1)!. Thus in order for Hol(-R') and 
S\K\ to be isomorphic, every permutation preserving 1 has to be an automorphism. 
For \K\ > 4, let x and y be distinct nonidentity elements which are not inverses 
of each other. For any automorphism / of G, f{xy) = f{x)f{y), i.e. /(x) and 
f{y) determine f{xy), therefore \K\ < 4. 

If K is isomorphic to the trivial group, Z2, Z3, or Z2 © Z2, it is easy to 
check that \ilo\{K)\ = \K\\, so }lo\{K) ^ Sik\, and ii K ^ Z4, |Hol(ir)| = 8, so 
Hol(if) ^ S^Ki- □ 
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Example 2.3.5. More generally, if if = ©Z^, then Aut(if) = GL{n,Zm). The 

n 

structure and cohomology of Hoi I © I are studied in chapter El In particular, 



we will show in section I^TD that Hoi ^© Z^J is isomorphic to the group of GL{n+ 
1, Zm) fixing the first basis vector. 

Homology of holomorphs of free groups have been studied by Craig Jensen 
[H] and m. 

2.4 Maps of holomorphs 

Definition 2.4.1. Let G and H be groups, and let F : G ^ H and F' : 

Aut(G') Ant{H) be group homomorphisms. Then F and F' are called com- 
patible if for every x E G and every g G Aut(G') 

F'{g){F{x)) = F{g{x)), 

i.e. the diagram 



G G 



H 



(2.5) 



is commutative for every g G Aut(G'). 

Theorem 2.4.2. The map of sets F" : Hol(G') Hol(ii) defined by 

F"{{f,x)) = {F'{f),F{x)) (2.6) 

is a group homomorphism if and only if F and F' are compatible. In this case 
we have a map of split extensions 

1 ^ G Hol(G) — ^ Aut(G) > 1 

F' (2.7) 
H Hol(if) — ^ KvX{H) > 1 

32 



Conversely, for any map of split extensions ()2.7j) . F and F' must be compatible 
and F" is defined by ()2.fi|) . 
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Proof. The map F" is a group homomorphism if and only if for every (/, x) and 
{g,y) in Hol(G) we have 

F'\{f,x))F"iig,y)) = F"iif,x)ig,y)) (2.8) 

By our definitions, 

F"iif,x))F"iig,y)) = (F'(/), F(a;))(F'(^), F(y)) = 

= {F'{f)F'{g),{F'{g))-\F{x))F{y)) = {F'{fg),F'{g''){F{x))F{y)) 

and 

F"iif,x)ig,y)) = F"ifg,g-\x)y) = {F\fg),F{g'\x)y)) = 
= {F'{fg),F{g-\x))F{y)), 

thus holds if and only if F'{g ^){F{x)) = F{g ^(x)). Clearly in this case 
fl2.7j) is commutative. 

Conversely, if we have a map of split extensions ()2.7p . then 
F"iif, 1)) = F"is^if)) = s.iF'if)) = (F'(/), 1) and 
F"iil,x))=F"i^,ix))=^2iFix)) = (l,F(x)). 

Since (/, x) = (/, l)(l,a:), ()2.f)|l is true for every element of Hol(G'). As shown 
above, in this case F and F' are compatible. □ 

Remark. It is not true that every homomorphism F" : Hol(G) Hol(if) is 
defined by ()2.(i|l for some compatible F and F' as shown in the next example. 

Example 2.4.3. Let G = Z3, Aut(Z3) ^ Z2, Ho^Zg) ^ ^3, and H ^ Z2, 
Aut(Z2) is trivial, Hol(Z2) = Z2. The only possible maps F : Z3 ^ Z2 and 
F' : Z2 — i> 1 are trivial maps, however there exists a nontrivial map F" : 6*3 ^ Z2. 

Note that in the above example we do have a map of extensions 

1 > Z3 > S3 > Z2 > 1 



1 > Z2 > Z2 > 1 > 1 

but it is not a map of split extensions. Below is an example of a map F" that 
does not fit into any map of extensions. 

Example 2.4.4. Let G = Z3 as in example ITO^ let H = Z2©Z2, Aut(Z2©Z2) = 
5*3, Hol(Z2 © Z2) = S'4, and let F" : S3 S4 be an inclusion. Since the only 
possible homomorphism F : Z3 — > Z2 © Z2 is the trivial one, F" doesn't fit into 
any map of extensions. 

Example 2.4.5. For any F G Aut(G) there exists a unique F' : Aut(G) 
Aut(G) compatible with F. Namely, F' is defined by 

F\g){x)=FgF-\x) (2.9) 



16 



for any g e Aut(G) and x e G. This follows from the fact that the diagram 



G G 



G^G 



must commute for every g G Aut(G'). (Note: In particular, if Aut(G) is abelian, 
then for every automorphism F oi G the compatible F' is the identity homomor- 
phism.) Thus any automorphism of G induces a map F" : Hol(G) — > Hol(G), 
and hence a map of extensions. 

Example 2.4.6. U H = Gi x . . . x Gg, then Gi ^ H and Aut(G'j) ^ Aut{H) 

are compatible, thus Hol(Gj) ^ Hol(if), and there is a map of split extensions. 

9 q 

Moreover, JjAut(Gi) ^ Aut{H), JjHol(Gi) ^ Hol(ii"), and 

i=l i=l 

1 > l[Gi > l[lio\{G,) > l[Aut{G^) > 1 



1=1 1=1 i=l 



1 > llGi > Hoi [IIgA > Aut [IIgA > 1 

i=l \i=l / \i=l / 

Proposition 2.4.7. If K is a characteristic subgroup of G (i.e. it is preserved 
by every automorphism of G ), then for every automorphism f of G, and a in 
K, f{aK) = f{a)K, thus f induces an automorphism f of the quotient group 
G/K. Thus we have a map Aut(G) — > Kvl\,{G/K). This map is obviously a 
group homomorphism, and it is compatible with the quotient map G G/K: 
commutativity of 

G — ^ G 



G/K — ^ G/K 

follows from the definition of f (i.e. that f is induced by f). Thus we have a 
map of split extensions Hol(G) — > YioliG/K). 

There are at least two important examples of characteristic subgroups: 



17 



Example 2.4.8. For k > I, fZ^k = Zpt-i is a characteristic subgroup of Zpfe with 
quotient group isomorphic to Zpi . Therefore there is a reduction homomorphism 
Hol(Zpfc) Hol(Zp;), and a map of spht extensions 

1 > Zipk > Hol(Zpft) — Aut(Zpfc) > 1 

1 > Zpi > Hol(ZpO Aut(ZpO > 1 

This map will be used in chapters El and El 

Example 2.4.9. For any group G, groups in the descending central series of G, 
T\G) (i.e. T\G) is generated by commutators of length i; e.g. r^(G) = [G,G] 
is the commutator subgroup of G), are characteristic in G. Thus there are maps 
of split extensions Hol(G) Hol(G'/r*(G)). z = 2 is an important special case: 
Hol(G') }lo\{Gab) where Gab = G/[G,G] is the abelianization of G. 



2.5 Modules over the group ring of a split ex- 
tension 

Let be a discrete group. 

Theorem 2.5.1. If M is a left Z[K]-module and a left Z[Axit{K)]-'module, then 

{f,x){m)=f{x{m)) (2.10) 

for f G Aut{K), X & K, and m G M, is a well-defined action of }lol{K) on 
M (i.e. M is a left Z[B.ol{K)]-module with this action) if and only if for every 
f G Aut(K), X e K, and m e M, 

f{x{m)) = f{x){f{m)). (2.11) 

Proof. If (12. lip is satisfied, then 

{f,x){{g,y){m)) = {f,x){g{y{m))) = f{xg{y){g{m))) = f{xg{y)){fg{m)), and 
{{f,x){g,y)){m) = {f g, g~^{x)y){m) = fg{g-^{x)y{m)) = f g{g~^{x)y){f g{m)) = 
= f{xg{y)){fg{m)), so the action is well-defined. 

Conversely, if ()2.10|) is a well-defined action, then 
f{x{m)) = {f,x){m) = (l,/(a;))(/,l)(m) = (1, /(a;))(/(m)) = f{x){f{m)). □ 

Example 2.5.2. For M = Z[K], consider the actions of K and Aut{K) on M 
given by a; ^ n-iXi | = ^ ni{xxi) and / ^ UiXi 1 = ^ nif{xi). 

Obviously, these actions satisfy ()2.1H) . thus Z[K] can be regarded as a Zpo^X)]- 
module. Similarly, any free Z[fC]-module can be regarded as a Z[Hol(i^)]-module. 
However, it may not be free over Z[Hol(if)]. 
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X 



More generally, let 1 ^ K ^ G ^ H ^ 1 he a split extension, and 
(f) : H Aut(-ft') as in theorem 12. 2. HI Let M be a left Z[ii']-module and a left 
Z[i7] -module. Then {h,x){m) = h{x{m)) for h & H, x & K, and m G M, is a 
well-defined action of G on M (i.e. M is a left Z[G]-module with this action) if 
and only if for every h & H, x & K, and m G M, 

h{x{m)) = {{<f){h)){k)){h{m)). (2.12) 

The proof mimics the proof of theorem 12.5.11 Also, the actions 

UiXi I = ^ ni{xxi) and h I ^ UiXi | = ^ ni((0(/i))(xi)) 

of and if on Z[K] satisfy ()2.12j) . thus any free Z[K]-module can be turned 
into a Z[G]-module, although not necessarily free over Z[G]. Thus we have the 
following theorem. 

Theorem 2.5.3. Let l—*K^G^H^l be a split extension. Let OKc, 
and denote the categories of Z[G]-modules, 'L[K]-modules, and free Z[i^]- 

modules respectively. We have the inclusion ^ ond forgetful functor 

VJIg DJIk- Let ^ij he the pullback, i.e. the category of 'L[G]-raodules that are 
free over 'L\K\. Then the top map in the diagram 



is a split epimorphism. 

Recall that for any ring R, a left i?-module M can be turned into a right 
i?-module with the right action defined by (m)r = r~^(m). This action is well- 
defined since ((m)ri)r2 = (rf ^(m))r2 = r2^{ri^{m)) = (rir2)~^(m) = 
= (m)(rir2). 

Theorem 2.5.4. Let S be a commutative ring with a unit. Let L, M, and 
N he left S\ilo\{K)]-modules with L a trivial S[K]-module. Each of these can 
also be turned into a right S[}iol{K)]-module as above. Then there is a natural 
isomorphism between (L ®s[i{o\(k)] N and L ®s[AvLt{K)] {M ®s[k] where 

the action of B.ol{K) on L ®s M and the action of Ant {K) on M ®s[k] N are 
diagonal. More precisely, these abelian groups are obtained from L ®s M (S)s N 
by the same identifications, i.e. the diagram 

/ \ 
{L®sM)®s{K\N L(g)s {M (g)s[K]N) (2.13) 

i i 

(L M) 



19 



commutes. 

Proof. {L ®s M) ®5[Hoi(K)] = 

= L®s M ®s (g) m)x (g) n = Z (g) m (g) x{n), {I (g m)f (g n = / (g m (g f{n) = 
= L®sM®sN/l<S)X'^{m)®n = l®m®x{n), f'^{l)<^ f''^{m)®n = l(S)m® f{n), 
and L ®s[Ant{K)] {M ®s[k] N) ^ 

= L (g)s M (g)s N/l (g {m)x (g n = / (g m (g x{n), {l)f ®m®n = l® f{m (g n) = 
= L®sM®sN/l®x~^{'m)®n = l®m®x{n), f~'^{l)®m®n = l®f{m)®f{n) = 
= L®sM®sN/l®x~'^{m)®n = l®m®x{n), f''^{l)®f~'^{m')®n = l®m'®f{n). 

Now defining the map (L ®s M) ®s[no\{K)] N ^ L (g5[Aut(x)] {M ®)s[k] N) by 
sending the class of Z (g m (g n in (L (g^ M) ^^^^(x)] N to the class of Z (g m (g n in 
L ®s[Aut(K)] {M ®siK] gives an isomorphism such that ()2.13|) commutes. □ 

Again, this can be generalized to the case of an arbitrary split extension 

Namely, if L, M, and are left S'[G]-modules with L being a trivial [A'] -module, 
then the abelian groups (L ®)s M) ®siG] -A and L ®sih] {M 0sik] A^), where the 
action of G on L (gg M and the action of if on M ®s[k] N are diagonal, are 
obtained from L (gg M ®s N by the same identifications, i.e. the diagram 

/ \ 
[L ®s M) ®s[G] N — > L 0s[H] (M ®s[K] N) 

commutes. 
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Chapter 3 

Holomorphs of cyclic groups 



3.1 Introduction 

Let m = ■ . . . ■ pf^ where pi, . . . , pn are distinct prime numbers. By example 
I2.4.6t there is a map of spht extensions 

n n n 

1 > YI^pI^ ' Yl^o\{Zpn) > JjAut(Zp^O > 1 

1=1 1=1 1=1 

II i i 

1 > Z„ > Hol(Z™) > Aut(Z„) > 1 

n 

Since Pi's are distinct, Aut(Z„) = JjAut(Zpr,) (see fKM\ ). therefore 

i=l 

n 

Hol(Z„) = J]Hol(Zp.O- 

1=1 

In this chapter, we compute, for any prime number p, the integer homology 
and mod p cohomology of the group Hol(Zpr), whose description in terms of 
generators and relations is given in section 13.21 for p = 2 and in section 13.61 for 
p odd. In case p is odd Ilol(Zpr) is metacyclic, and mod p cohomology rings of 
metacyclic groups were computed by Huebschmann in jH]. However, the author 
has learned about the work of Huebschmann only after this work was done. Also, 
this work provided additional information: we will need to know the behavior 
of the LHS spectral sequence in chapter EJ so we will state some intermediate 
results and show the spectral sequence, but omit some details of computations. 
In addition, we compute the Bockstein homomorphisms. 
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We will use the method described in to construct an explicit resolution 
of B.o\{K). Namely, in |^ Wall showed how, given a short exact sequence 

where 7^ is a normal subgroup of G, and given resolutions for K and H, to 
construct a free resolution for G. He applied his method to find an explicit 
resolution for a split extension of cyclic by cyclic groups, and used this to compute 
its integer homology. 

If p is an odd prime, Aut(Zpr) is cyclic, therefore the integer homology of 
Hol(Zpr) can be computed using Wall's application. The only difficulty here is 
that we don't know any formula for a generator of Aut (Zpr) (see |AMj ) . But it 
turns out that it is not necessary to know that. 

The group Aut(Z2) is trivial, therefore Hol(Z2) = Z2 whose homology is well- 
known; Aut(Z4) = Z2, therefore the homology of Hol(Z4) = (dihedral group of 
order 8) can be computed easily using Wall's application (and is also well-known). 
So we will only work out the answer for r > 3. In this case H = Aut(Z2r) is the 
direct sum of two cyclic groups, but we will generalize Wall's resolution to cover 
this case. 

As in j^, we will choose the usual resolution \CEi p. 251] for each cyclic group 
Z„ = {glg'^ = 1} : 

Rk is free on one generator (A; > 0), 
dr2k+i = {9- ^)r2k > 0), 

dr2k = Ngr2k-i {k>l), 

n-l 

where Ng = g^. 

Also, we will make use of the following obvious lemma. 
Lemma 3.1.1. Suppose we have two chain complexes 



and 



Zpr ^ Zpr < Zpr 



G' F' 
W^pT ^ Zpr ^ 



where G, F, G' , and F' are multiplications by p"", p^, p"'c, and p''d respectively, 
where c and d are relatively prime to p. Then KerG = KerG' and ImF = ImF' . 
Therefore, to compute the homology of a complex 



Zy.TTi f-77 yen rjj 
pr < < 



it suffices to know the largest powers of p that divide m and n. 
Let yp{n) denote the highest exponent of p that divides n. 
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3.2 Description of Hol(Z2r) for r > 3 

Lemma 3.2.1. 1. If n is odd, then z^2(3"' — 1) = 1. 

2. Ifm = 2" where q>l, then z/2(3™ - 1) = g + 2. 

3. Moreover, if m = 2'^ ■ n where n is odd, then z/2(3™ — 1) = q + 2. 
Proof 1. z/2(3" - 1) = z/2((3 - 1)(3"-^ + . . . + 1)) = 1. 

2. Induction on g. q = 1: m = 2, 3^ — 1 = 2^^^. 

z.2(32'^^ - 1) = z.2(32"2 - 1) = z.2((3^' - 1) • (3^^ + 1)) = (g + 2) + 1 = g + 3. 

3. z/2(3"^ - 1) = i^2(3''-" - 1) = z/2((32' - l)(32' ("-i) + . . . + 1)) = 1.2(32' - 1) = 
= g + 2. 

□ 

Corollary 3.2.2. For r > 4, 3^''"' = 1 + 2'-^{mod 2''). 

Therefore, if r > 4, then multiplication by 3 generates a cyclic subgroup of 
order 2*^"^ in Aut(Z2r). This subgroup contains multiplication by 2^'~^ + 1, an 
element of order 2. There are two other elements of order 2 in Aut(Z2r), namely 
multiplication by 2'' — ! and multiplication by 2^~^ — 1. Since the order of Aut(Z2r) 
is 2^~^, multiplication by 3 and multiplication by 2*" — 1 generate all of Aut(Z2r). 
If r = 3, Aut(Z8) = Z2 © Z2, and we also can choose multiplication by 3 and 
multiplication by 2*" — 1 = 7 as generators of the Z2's. 
Thus we have 

Corollary 3.2.3. If r > 3, ^/ien Aut(Z2r) = Z2r-2©Z2, where Z2'--2 is generated 
by multiplication by 3, and Z2 is generated by multiplication by 2^ — 1. 

Corollary 3.2.4. The split short exact sequence 

1 ^ Hol(Z20 ^ Aut(Z20 ^ 1 (3.1) 

implies that for r > 3 

Hol(Z2r) = {x, y, z \ x"^' ^ = y^ = z^'' = 1, xy = yx, zx = xz^^ zy = yz'^'^^}. 

3.3 Application of Wall's method (Generaliza- 
tion of his resolution [I Wj ) 

Let G be a split extension of a cyclic group by the direct sum of two cyclic groups: 

1 ^ Zg ^ G ^ Z,, © Z,, ^ 1. 
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More precisely, let G be given by generators and relations: 

G = {x, y, z \ x^'^ = y^^ = z'^ = 1, xy = yx, zx = xz^'^ , zy = yz^'^} 

where t^^ = l(mod q), ^2 = Umod q). 

We will construct a free resolution for Hol(G) with underlying module A = 
{An,m} graded by deg{An,m) = n + m. 

Let Bm, R'i, and R" be the resolutions as above for the cyclic g roups ^(^5 
and Zg^ on z, x, y respectively. 

Let the resolution for H = Z^^ © Zg^ be the tensor product of the resolutions 



for and : 



C„ = © {R[ ©z[H] R'') = © 

i+j=n ■' i=0 



dn,i = < © 1 © (-1)*1 ©<_i. 

Then C„ is free on n + 1 generators. Define A„ ^ = © {^[G] ©z[x] B^) (see 

n+l 

|W1). 

Lemma 3.3.1. Let An^m {n > 0,m > 0) be free on n + 1 generators, an,m,i, 
< i < n, and let the differentials be given by 

doan,2m+l,i = ~ ^)o,n,2m,i, 

do(ln,2m,i -^z(^n,2m,ii 

si-1 

dia2n+l,2m,2i = ~ l)fl2n,2m,2i + 3^'^-^!^, jQ2n,2m,2i-l , 

S2-1 

dia2n+l,2m,2i+l = — y'' L]^jO,2n,2m,2i+l + {^L"^,! ~ ^)o,2n,2m,2i, 

j=Q 

si-1 

dia2n+l,2m-l,2i = ~{yL^,l ~ ^)0-2n,2m-l,2i — 2;-' -L™ja2n,2m-l,2i-l , 

j=0 

S2-1 

dia2n+l,2m-l,2i+l = y'' L^jO'2n,2m-l,2i+l — {xL^^i — l)ct2n,2m-l,2i, 

i=0 

S2 — 1 Si — 1 

dia2n,2m,2i = y'' L^jO,2n-l,2m,2i + X'' L^ja2n-l,2m,2i-l, 

j=0 j=0 

dia2n,2m,2i+l = ~{yL^A " ^)(^2n-l,2m,2i+l + (^^-^^l ~ l)cf2n-l,2m,2i; 

S2 — 1 — 1 

dia2n,2m-l,2i = — l/''-^t^jfl2n-l,2m-l,2i " a^"* -^^t^j02n-l,2m-l,2j-l , 

i=o i=0 

dia2n,2m-l,2i+l = {V^tl,! ~ l)^2n-l,2m-l,2j+l ~ {^^^,1 " l)'^2n-l,2m-l,2i5 
d20'n,2m,i = 0, 

d2Cln,2m-l,i = (i^™*^ ~ ^)(^n-2,2m,i (t™'^^ — l)ctn-2,2m,,j-2, 
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p-i 2 
where Lfj = z*. Let d = ^^dfc. Then {A,d) is acyclic. 

i=0 k=0 

Proof. Let us "place" this resolution in a three-dimensional lattice, with coordi- 
nates X, y, and z, as follows. We put each generator an,m,i at the lattice point 
{i,n — i,m), i.e. i is its x-coordinate, n is its total horizontal degree, and m 
is its vertical degree. It is easy to see from our formulas that every nonzero 
differential is a linear combination of a differential lying in a plane parallel to 
the xz-plane and a differential lying in a plane parallel to the yz-pla.ne. The 
x^-plane contains Wall's resolution for the extension 1 — > Zg ^ — *■ — > 1 
where = {x, z \ x'^^ = z'^ = l,zx = xz^^} is the subgroup of G gener- 
ated by X and z, and the yz-plane contains Wall's resolution for the extension 
1 Zg ^ ^ ^ 1 where G^ ^ {y, z \ y'^ = = zy = yz^^} is 
the subgroup of G generated by y and z. Moreover, all the differentials in every 
plane y = c coincide with the corresponding differentials in the xz-plane, and the 
differentials in every plane x = c coincide with the corresponding differentials in 
the j/z-plane except for di is multiplied by (—1)* where i is the a;-coordinate of 
the source of di. Notice that the vertical differentials do are the same for both 
extensions. So let's write di = di + {—lydl and d2 = d2 + d\ where and rfj 
are Wall's differentials for the above extensions. To show acyclicity, we have to 

k 

show that for each /c, djdk_j = 0. 

j=0 

First of all, notice that all d2's are multiplications by numbers, all d^^s and 
d\^s are multiplications by expressions of x and y respectively, thus d2 commute 
with everything, and d^ commutes with df as x and y commute in our group G. 

• For A; = we have d^do = because is a resolution for Z^. 

• For k = 1, since do does not change the horizontal bidegree, 

dodi -\- dido 

= do{di + {-lydD + « + {-iyd\)do 

= {dodl + dido) + {~l)\dod\ + d\do) 
= 0. 

by |W|. 

• For k = 2, since d^ lowers i by 1 and d\ does not change i, 
dod2 + didi + d2do 

= do{dl + dl) + di{dl + {-iyd\) + {dl + dl)do 

= dodl + dodl + {dl + {-iy~^d\)dl + {dl + {-lYdX){-lYd\ + dido + rf^rfo 
= {dodl + dldl + dido) + {dodl + d\d\ + dido) + + (-l)V^d?) 

= 0. 
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The sums in the first two parenthesis here are by |^ , and the sum in the 
third parenthesis is identically 0. 

• For k = 3, since dj = for j > 3, and ^2 lowers i by 2 while d^ does not 
change i, we have 

dods + did2 + d2di + d^do 
= did2 + c?2(ii 

= (4 + + di) + {di + di){di + {-lydi) 

= {didi + d^di) + {-i)\d\di + + (4^^ + didi) + + did\) 

= 0. 

The sums in the first two parenthesis are again by jWj. The sum in the 
third parenthesis is because of the following. d2 raises the vertical degree 
by 1; if the vertical degree of the source is even, then ^2 = 0, while if the 
vertical degree of the source is odd, then d^^s in this sum are multiplication 
by the same expression of y, and c/'^'s are multiplication by expressions that 
differ by sign. The sum in the fourth parenthesis is for a similar reason. 

• For /c = 4 we have 6/2^2 = because, as said above, d2 = raises the 
vertical degree by 1, and it is whenever the vertical degree of the source 
is even. 

k 

• For k > 5, djdk-j = because dj = for j > 3. 

j=0 

□ 

As in Wall's application (where H is cyclic), on forming the tensor product 
with Z, 2; — 1 becomes zero, and the graded submodules 

n>0 

j^m ^ ^ {An,2m-1 + ^n,2m) ®Z[G] ^ 
n>0 

are invariant under d. Thus A ®z[g] Z is a direct sum of chain complexes. Hence 
it is sufficient to compute the homology of d on each summand separately. 

To compute the homology of for positive m, consider the spectral sequence 
of the filtration F/^^A^) = ^^A^ ^,. The differential do is induced by A^^, thus is 

s<k 

multiplication by q. Hence the E'l-stage collapses to the (2m — l)-row. 
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Remark. The above construction can be generalized to the case of an arbitrary 
finite abehan group H in the spht short exact sequence 



li H = © l^s,, let An^m be free on f ^ _ ^ ) generators, an,m,n,...ife, <ij < n, 



k 



ij = n. Place each generator an,m,n,..ifc at the lattice point {ii,i2, ■ ■ ■ ,ik,^)- 
The differentials are as follows. Construct Wall's resolution for 

l^Z.^Gi^ Z,, ^ 1 (3.2) 

for each i from 1 to A;, and put it in each plane parallel to the XjZ-plane in the 
{k + l)-dimensional xiX2 ■ ■ .x^-z-space. Let d^' and rfg' be differentials in Wall's 
resolution for ()3.2|) . Then define di and d2 by 



d2 = dl' +df + ... + dl\ 



where ij is the j-th coordinate of the source of the differential. Define d^ as in 
each resolution (j3.2j) . Let 

d = dQ + di + d2. 

Then {A, d) is a resolution (the proof is a slight generalization of the proof of 
lemma 13.3. The graded submodules 

A° = ^ ^n,0,ji,...,ife ®Z[G] 

il+...+jj.=n>0 

A^ = (^n,2m-l,ii,...,jfc + ^ri.,2m,ii,...,ifc) ®Z[G] ^ 

ii+...+ik=n>0 

are still invariant under d, however, the larger k is, the more complicated is the 
calculation of H^{A^). 



3.4 i/*(Hol(Z2r);Z) 

The application of the method described above to computation of iJ^,(Hol(Z2r); Z) 
is straightforward: according to corollarv I3.2.4( we set q = 2'', Si = 2''"^, S2 = 2, 
ti = 3, and t2 = 2*^ - 1. 
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Let {fn,i, < i < n} he the basis of the i?^-stage of the spectral sequence for 
deduced from the basis {an,2m-i,i, < i < n}. Then for m = 0, 

dlf2n+l,2i = 2*" ^/2n,2j-l, 
dlf2n+l,2i+l = ~2/2„_2j+l; 

dlf2n,2i = 2/2„_i,2i + 2^ /2n-l,2i-l; 



Then 



For m > 1, 



dlf2n,2i+l — 0. 

i72n+l(^°;Z) = ( © Z2)©Z2.-2 



n-1 

lO. 



i72n(^";Z) = ©Z2, n > 1. 



22*" ■^m 

dlf2n+l,2i = ~ l)/2n,2j _ ^ — /2n,2i-l, 



'^l/2n+l,2i+l — (1 + (~l)"*)/2n,2j+l ~" (3™ " l)/2n, 



2j) 



22"— _ ]^ 

dlf2n,2i = —(1 + ( — l)"')/2n-l,2j _ ^ — /2n-l,2i-l, 

dlf2n,2i+l = ((^1)™ ~ l)/2n-l,2j+l — (3"^ — l)/2ri-l,2i- 



(3.3) 



By lemma O". 1.11 to compute H^^A^; Z), it suffices to know the largest powers 
of 2 that divide the coefficients in ()3.3p . 
By lemma 13. 2. H 

• if m is odd, then z/2(3^'^ — 1) = r and 1^2(3"* — 1) = 1, therefore 
1/2 = r — 1, 

y 3™ - 1 y 

• if U2{m) = g > 1, then 1/2(3^''"'™ - 1) = r + g and z/2(3" - 1) = g + 2, 

I = r — 2. 

3™ - 1 / 

It follows that: 

• if m is odd, then Hn{A^] Z) = Z2 for any n > 0, 

• if ¥2(171) = q, l<q'<r — 2, then 

Hq^A"''] Z) = Z213+2 

H^{A"'-Z) ^ Uz2^®7.2. (n>l) 
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- 1 
k is odd 



2k - 1 
k is odd 



• 2 • 3 • 



^16 



Z2 
Z 



Zo 



Zo 



Z2 Z4 Z2 Z4 Z2 Z4 

• 2 • 3 • 



Z2 Z2 



Zo 



Zo 



.Z2 



Zo 



Z2 e Z2r-2 



Zo 



Z2 



4* 



Zo 



Z2 e Z2r-2 

-2 • 



Z2 0Z2Q 0Z2 0Z2« 
2n-l • 2n • 



Zo 



Zo 



Z20Z4 0Z20Z4 
2n-l • 2n • 



Zo 



Zo 



eZ2 e Z2 

2n* 2n+l* 



Zo 



Zo 



> Z2.0 Z2r-2 0J 



2n - 1 2n 



Figure 3.1: The first 2*" ^ rows of tlie E'^ = stage of the spectral sequence for 
H^{Yio\{Z2r)- Z) induced by the filtration F of A, r > 3 
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• If g > r — 2, then 2^^ = 0(mod2^'), therefore the homology of A ' does 
not depend on q, and equals that of A"^ 

The stage of this spectral sequence is shown in figure ITTl 

Finally, if*(Hol(Z2'-); Z) is the direct sum of the above for all m. We have 



i7,(Hol(Z8);Z) 



i=l \ n 



where 



ni 



g2 3q 
— + — + 
8 4 



ifg = 0(mod4) 

17/8 ifg = l(mod4) 

-1/4 ifg = 2(mod4) 

5/8 ifg = 3(mod4) 



n2 

where 

ni 



2n^ + 3n 
2n^ + An + 3 
2n^ + 5n + 2 
2n^ + 6n + 4 



if q 
if q 
if q 
if g 



An 

An + l 
An + 2 
An + 3 



1 if g = 3 (mod 4) 
otherwise 



8 



i/,(Hol(Zi6);Z) 



=1 \ n 



'2» 



+ 



+ 



g + 3 



+ 



1/8 ifg=l(mod4) 
-3/8 ifg = 3(mod4) 
otherwise 



n2 



1 if g = l(mod 2) 
otherwise 



^3 



1 if g = 3 (mod 8) 
otherwise 



n4 



1 if g = 7(mod 8) 
otherwise 



If r > 5, 



i/g(Hol(Z20;Z) 



i Zoi 



1 \ni 
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where 



r _ ? 
8 4 



'Q' 




Q' 


+ 


'q + 3' 


+ 


'q + l 


A. 




-8- 


4 


2 



1/8 ifg = l(mod4) 
+ < -3/8 if g = 3(mod 4) 
otherwise 



n2-- 



77,3 = 



rii 



'1' 




\ ^ 1 


.8. 







1 1 




r 9 1 








L32J 





r 9 1 




r 9 1 




[2^+1 J 




[2^+2] 



1 if g = 2^-^ - l(mod 2^ 
otherwise 



(3 < i < r - 3) 



nr-2-- 



rir-r- 



1 if g = l(mod 2) 
+ { 1 if g = 2^-3 - l(mod 2'-2) 
otherwise 



1 if g = 2'-2-l(mod2'-^) 

otherwise 

1 if g = -l(mod 2''-^) 
otherwise 



3.5 i7*(Hol(Z20;F2) 

First we use the universal coefficient theorem to compute the mod 2 cohomology 
of Hol(Z2r) additively. 

Proposition 3.5.1. //r > 3, then the ranks 0/ i?*(Hol(Z2r); F2) do not depend 
on r : 



//^"(Hol(Z20 
i/^"+^(Hol(Z20 

ii'^"+3(Hol(Z20 



F2) ^ e F2, 

4n2+5n+l 

F2) ^ e F2, 

4n2+7n+3 

F2) ^ © F2, 

4?i2+9?i+5 

F2) ^ © F2 

4n2+lln+7 



Next we find the ring structure of if*(Hol(Z2r); F2) using LHS spectral se- 
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quence. Consider the following three subgroups of Aut(Z2r) = Z2'--2 © Z2 : 



1. 


Ai = 


Z21 — 2 ' — > 'Zl2r~2 © Z2 






1 ^ (1,0) 


2. 


^2 = 


Z2 ^ Z2r-2 © Z2 






1 ^ (0,1) 


3. 


^3 = 


Z2 ^ Z2.-2©Z2 






1 ^ (2-^ 1) 



and the corresponding pullbacks: 

1 y ^ G, > Ai > 1 

1 > ^ Hol(Z20 > Z2r-2 © Z2 > 1 

Then Gi is a split extension of cyclic by cyclic groups, so we can use Wall's 
method to compute its integer homology, and then use the universal coefficients 
theorem to compute its mod 2 cohomology. 

Remark. G2 and 6*3 are the dihedral and semi-dihedral |MPj groups of order 2^'*'^. 

Let be the subgroup of A\ of order 2. Then the corresponding pullback is 
the quasi-dihedral group of order 'I'^^: 

\z,s\z = 1, S =\,ZS = SZ ] 

Now consider the LHS spectral sequence for H*{G\ \ F2). Its stage is shown 
in Figure ini21 

Using Wall's formulas we have Ex{Gx\T) = Z2.-2 © Z2 and 1/2(^1; Z) = 0. 
Then H'^{Gi; Z2) = Z2 © Z2. It follows that 

d2{vi) = UiZi if r > 3, 

d2{vi) = Uix\ if r = 3. 

Then 

d^^vf'-^^x'A) = uivl''x\zi^^ if r > 3, 

d2ivl'"^'x\) = uivl^'xl'^^ if r = 3, 

and all other differentials are zero. 

The spectral sequence for if *(Hol(Z2r); F2) shown in figure maps into the 
spectral sequence for H*{Gi; ¥2) shown in figure EIH x is mapped to xi, z to zi, 
y to 0, u to Ml, and v to Vi. Therefore, 

d2{v) = uz + possibly some other term(s) if r > 3, 

d2{v) = ux"^ + possibly some other term(s) if r > 3. 





Figure 3.2: E2 stage of the LHS spectral sequence for H*{Gi;¥2 
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xy zy xzy 

2 2 2 

y xy zy 

xy^ 



r > 3 



i?*(Z2.-2 eZ2;F2) 



uv 
' = uv- 

V- 

a = u- 



H*{Zs;¥2) 



—r- 

X 



X 



"Tq rj 

X X 
2 3 

xy X y X y 

2 2 2 2 

y xy X y 

Q 3 

y xy 

y' 



Figure 3.3: E2 stage of the LHS spectral sequence for if*(Hol(Z2r-); F2), r > 3 
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U2V2 
U2V2 

vl 

U2V2' 
V2 
U2 



H*(Z2r;¥2) 



di = 



-I To rj- 

y2 y2 y2 ^2 



i/*(Z2;F2) 



Figure 3.4: E2 stage of the LHS spectral sequence for H*{G2-i^2) 



Note. The possible terms are linear combinations of uy^ and uxy. 

The mod 2 cohomology of G2 (which also can by computed using Wall's 
method) is given by 

i/'?(G'2;F2) ^ © F2. 

9+1 

It follows from the ranks of H^{G2]^2y^ that all the differentials in the LHS 
spectral sequence for H*{G2', ¥2) are zero. 

The spectral sequence for i/*(Hol(Z2r); F2) maps into it; x and z are mapped 
to 0, y to y2, u to U2, and v to V2- Therefore the term uy^ is not present in the 
expression for d2{v). 

Finally, considering the map from the spectral sequence for i7*(Hol(Z2r); F2) 
into the spectral sequence for H*{G?;, F2), we conclude that the term uxy is not 
present in the expression for d2{v) either. Therefore 

d2{v) — uz if r > 3, 

d2{v) = ux^ if r = 3. 

Then 

d2{v^''^^xyz'') = uv^^'xyz^^^ if r > 3, 

d2{v^''+^xY) = uv^'^x'+^y^ if r = 3, 

and all other differentials are zero. 

Let a = u, b = uv, and c = v'^. Then, additively, the £"00 stage in the spectral 
sequence for Hol(Z2r) is 

E*^* ^ A(a, b, x) F2[c, z, y]/ab = = if r > 3, 
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and 

E^* = A(a, b) ® F2[c, x, y]/ab = ax^ = if r = 3 

where \a\ = \x\ = \y\ = 1, \z\ = 2, |6| = 3, |c| = 4. 

However, the ring structure of the mod 2 cohomology is different. 

First we compute the mod 2 cohomology rings of subgroups Gi, G2, and 
G3. This was done by the author using Bockstein homomorphisms and Steenrod 
square operations, however, it was learned later that these cohomology rings were 
worked out in [H]. Thus we skip the details of our calculations. 

Gi is a special case of theorem C, part (2), in [H] : 

• If r > 3, then H*{Gi;¥2) = 

= A(xi)(8>F2[ai, bi, Ci, Zi]/al = aiXi, aiZi = 0, aibi = 0,bl = aiXiCi+biXiZi 
where |xi| = |ai| = 1, \zi\ = 2, 6i| = 3, and |ci| = 4. 

• If r = 3, then H*{Gi;¥2) = 

= F2[ai, 61, Ci, Xi]/a^ = aiXi, aix\ = 0, ai6i = 0, 6^ = aiXiCi + bix^ + C\x\ 
where = |ai| = 1, 6i| = 3, and |ci| = 4. 

G2 is covered by theorem B, part (2): 

where \u2\ = \y2\ = 1, and \v2\ = 2. 

Finally, G3 is covered also by theorem C, part (2). 

Next we compute the ring structure of the mod 2 cohomology of Hol(Z2r). 
First notice that the split sequence 1)3.11] gives the maps of cohomology rings 

H*{Z2r) < — //*(Hol(Z20;F2) ^ i7*(Z2.-2 ©Z2;F2). 

Therefore all the products of x, y, and z are as in if*(Z2r-2 © Z2;F2), namely 
the only relation is that = in case r > 3. The products ac, be, and are 
non-zero in H*{Z2r; ¥2), and hence are not linear combinations of other products 
in if*(Hol(Z2r); F2). The products a^, ab, and 6^ all map to in /7*(Z2'-; F2), 
thus these are linear combinations of other products each of which necessarily 
contains x, y, or z. On the other hand, there are choices of a, b, and c that 
are mapped to in H*(Z2r-2 © Z2;F2), thus the expressions for a^, ab, and b^ 
in if*(Hol(Z2'-); F2) do not contain products of only x, y, and z. Thus is a 
linear combination of ax and ay; The product ab is a linear combination of bx, 
by, axy"^, ay^, and either z'^ or x^ depending on whether p > 3 or p = 3. Finally, 
b^ is a linear combination of acx, acy, cz/cx^, cxy, cy"^, bxz/bx^, byz/bx^y, bxy"^ , 
by^, axy^, and ay^. 

Now consider maps from if*(Hol(Z2r)) into H*{Gi) for 1 < i < 3. 
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As mentioned before, the map /f*(Hol(Z2r)) H*{Gi) is given hj x ^-^ xi, 
y 0, z zi, a i-^ ai, b 61, and c 1^ ci. Since = aiXi, the term ax is 
present in a^. Since aibi = 0, neither of the terms not containing y is present in 
ab. The formulas for bf above imply that if r > 3 then acx and bxz are present 
in 6^ but cz is not, while if r = 3 then acx, cx^, and bx^ are all present. 

The map if*(Hol(Z2r)) — H*{G2) is given by x hh^ 0, ?/ 1/2, ^ > 0, a M2, 
6 1-^ U2V2, and c t— > ^2. The equation u\ = M2I/2 implies that the term ay is also 
present in a^, so a^ = ax + ay. The product afe is mapped into ulv2 = U2V2y2 
which is the image of by, therefore by is present in ab, but ay^ is not present. 
Further, b^ is mapped into {U2V2Y = u^v^ = U2v\y2, the image of acy, therefore 
acy is present in 6^ but cy'^, by^ , and ay'^, are not present. 

Finally, considering the map if*(Hol(Z2i-)) H*{Gz) we see that there are 
choices of b and c such that neither of the other terms is present in ab, and 6^, 
therefore the ring structure of the cohomology of Hol(Z2r) is as in the following 
theorem. 

Theorem 3.5.2. There are choices of generators a, b, c, x, y, and z such that 

1. ifr>3, then if*(Hol(Z2r; F2) = 

= A(a;) (8>F2[a, b, c, y, z]/a^ = ax + ay, az = 0,ab = by, b^ = acx + bxz + acy, 
where \x\ = \y\ = \a\ = 1, \z\ = 2, \b\ = 3, and \c\ = 4, 

2. if*(Hol(Z8;F2) = 

= F2[a, b, c, X, y]/a^ = ax + ay, ax^ = 0,ab = by, 6^ = acx + bx^ + acy + cx^ , 
where \x\ = \y\ = \a\ = 1, \b\ = 3, and \c\ = 4. 

3.6 Description and integer homology of Hol(Zpr) 
for p odd 

Let p be an odd prime. It is well-known that Aut(Zpr) = Z(p_i)pr-i (e.g., see jRl 
p. 98]). Let multiplication by s be a generator of Aut(Zpr). Then the split short 
exact sequence 

1 Zpr Hol(Zpr) ^ Aut(Zpr) ^ 1 

implies that 

Hol(Zpr) ^ {x, y\ x^P-^^P^'' = yP'' = I, yx = xy'} 

Let A be Wall's free resolution for G = Hol(Zpr) : An^m is free on one generator 
ci'n,m (n > 0,m > 0) and the differentials as given in |Wj . 

Note. We switched the indices so that the bidegree of the differential dk in the 
spectral sequence below is {—k, k — 1). 
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We take the tensor product with Z over Z(G'). Let gn,m be the generator of 
An,m ®z(G) Z = Z. The differentials are given by 

do9n,2m+l = 0, 

do9n,2m = 9n,2m-l) 

dig2n+l.2m = (s™ — l)5'2n,2m; 

dig2n+l,2m-l = —{s"^ — l)g2n,2m-l, (3-4) 




dig2n,2m — I / ^ s'^'' 5'2n-l,2m5 



dig2n,2m-l = ~ j s'"'' j g2n-l,2m-l, 

d2gn,2m = 0, 
f^2^7„,2n^-l = - l) ^7n-2,2.„, 



and dk = for k > 2. 

As Wall pointed out, the submodules 



n>0 



n>0 

are invariant under d, and A (8>g ^ is their direct sum. Hence it is sufficient to 
compute the homology of d on them separately. The homology of is that 
of Z(p_i)pr-i. For A^, m > 0, consider the spectral sequence of the filtration 

Fk{A"^) = ^^y4s,*. do is induced by A^^^, thus is multiplication by p^. Hence the 

s<k 

El stage collapses to the (2m — l)-row. 

By Lemma 13.1.11 it suffices to know the highest powers of p that divide the 
coefficients in ()3.4|) in order to compute 

Lemma 3.6.1. Ifl<q<r — 1, the natural surjection Z^r Zpq induces a 
surjection of the automorphism groups Aut(Zpr) Aut(Zpg). 

Proof. See example 12.4.81 □ 

Lemma 3.6.2. //I < g < r - 1 and {k,p) = 1, then iyp{s^P-^^P'~''' -l) = q, and 
s™" — 1 is not divisible by p if {m,p — 1) = 1. 
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Proof. Lemma (3.6 .11 implies that multiplication by s generates Aut(Zp9) for 1 < 
q < r — 1. Thus s^P"^)^'' is the smallest power of s that is congruent to 1 mod 
p^. □ 

Therefore 

j=0 

a m = (p — l)p'^^^k where {k,p) = 1, then Up{s"^ — I) = q and 

'(p-l^-i-l \ / „m(p-l)p'-i _ 1 \ 



r. 



i=o 



if m = (p— l)p''~^/c, then s"" = l(mod p^) and z/p ^ s™-' = r — 1. 



It follows that if r = 1 then 

_ J Zp if m = {p — l)k and i = 2m — 1 



U otherwise 



and if r > 2 then 





if m = (p — 




-^k, 1 < q < r — 


l,{k,p) = l, 


i = 2m 


'^pq — 1 


if m = (p — 




'^k, 2<q<r- 


l,(fc,p) = l, 


i > 2m 


< Zpr 


if m = (j9 — 


l)f- 


'^k and i = 2m - 


- 1 




WjpV — l 


if m = (p — 


l)f' 


^^k and i > 2m 









otherwise 











Now we just add up the homologies of A^, and we get: 
i/g(Hol(Zp);Z) ^ (©Zp ) © (©Zp_i ) 



where 



ni 



m 



1 if g = 2(p - l)k - 1 

otherwise 

1 if g is odd 
otherwise 

if,(Hol(Zp2);Z) = © ( ©Zp. ) © ( ©Zp_i 

i=l \ n 
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where 
ni = 

n2 = 

m — 



2(p-l)p, 



+ 



1 if g = 2{p-l)k-l, {k,p) = 1 



otherwise 
1 if g = 2(p - l)pk - 1 
\ otherwise 

1 if g is odd 
otherwise 



+ 



1 if g is odd 
otherwise 



If r > 3, 




);Z) ^ e 

1=1 \n 


where 








rii = 


Q 






_2{p - l)p\ 




_2(p- 



iZp_i 



+ 



+ 



1 if g = 2(p - l)p'-^k - 1, (k,p) = 1 
otherwise 



(1 < i < r - 2) 



rir-i 



2{p- 



+ 



1 if g = 2(p - ly-^/c - 1, {k,p) = 1 
otherwise 



+ 



+ 



m — 



1 if g is odd 
otherwise 

1 if g = 2(p - ly-^A; 

otherwise 

1 if g is odd 
otherwise 



In the future sections we will need integer cohomology rather than homology, 
but it is easy to compute using the universal coefficients theorem. 



3.7 i/*(Hol(Zpr);Fp) for p odd prime 

The mod p cohomology of Hol(Zp) and of Hol(Zp2) are well-known (let us just 
mention that the LHS spectral sequence collapses for r = 1 but does not collapse 
for r = 2), so we only give the result for r > 3. First we use the universal 
coefficients theorem to compute i?*(Hol(Zpr; Fp) additively: 
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i/'^(Hol(Zp,-);Fp) ^ ©E 

n 

where 




2k + 2 if q = 2{p- l)pk + 2{p- 1)1-1, l<l<p 

or q = 2{p - l)pk + 2{p - 1)1, l<l<p-l 

2k + 1 if q = 2{p- l)pk + m, < m < 2(p - l)p - 2, 
but g is not of either of the above forms 



To find the ring structure of if *(Hol(Zpr); Fp) we use the LHS spectral se- 
quence. First consider the top row in the diagram 

1 1 1 



1 > Zpr > G > Zpr-1 > 1 

1 i> Zpr > Hol(Zpr) > Z(p_l)pr-1 > 1 (3-5) 

1 > 1 > Zp^l ^=^= Zp_l > 1 



1 1 1 

(Let us choose gi = s^~^ as a generator for Zpr-i, and g2 = s^"^ ^ as a generator 
for Zp_i.) 

G is a spht extension of cychc by cychc groups, so we can use Wall's method 
to compute its integer homology, and then use the universal coefficients theorem 
to compute its mod p cohomology: 

H\G-¥p) = ©Fp 

n 

where 

_ f 2k + 1 iiq = 2pk 
^ ~ \ 2A; + 2 if 2pA; + 1 < g < 2p{k + 1) - 1 

Now consider the LHS spectral sequence for H*{G; Fp). By lemma 13. 6. 2[ 
gi = sP-^ = l(modp), therefore E^'" ^ HP{Zpr-i; H'^{Zpr;¥p)) has trivial local 
coefficients, so Ef'^ ^ HP{Zpr-i;¥p) © H'^iZpr; Fp). 
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Figure 3.5: E2 stage of the LHS spectral sequence for H*{G] ¥p) 

Since the rows of ()3.5p are spht, all the differentials landing on the horizontal 
axis are zero. In particular, d2{u) = 0. 
There is a possible non-zero differential 

d2{v) = (scalar)u2;. 

The fact that H^{G;¥p) = ©Fp implies that d2{v) ^ 0, i.e. 

d2{v) = muz 

where {m,p) = 1. The coefficient m depends on the choice of the generator v for 
can be assumed that m = l(mod p) for some choice of v. 

Then 

d2{v'^x'z^) = quv^-^x^z^^^ 
d2{uv''x'z^) = 0. 

Notice that d2{v'^x^z-') 7^ if and only if {q,p) = 1. Now we see that the rank 
of © E^^-' equals the rank of H'^{G; ¥p) for each q > 1, therefore all higher 

i+j=q 

differentials are zero. 

The mod p cohomology ring of G was computed by the author using Bock- 
stein homomorphisms (since we already know the integer cohomology), but the 
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f = yP^-P 



I I I In ' 

X z xz z 

Figure 3.6: E2 stage of the LHS spectral sequence for if *(Hol(Zpr); Fp), r > 2 

calculation is long and is omitted here since this cohomology ring is worked out 
in jH]. More precisely, this is a special case of theorem C, part (1). 
Let tti = Mf*(0 <i<p — 2),b = uv^'^, c = v^. Then 

H*{G; Fp) = A(ao, ai, . . . , ap_2, &, x) ® Fp[c, z\/aiaj = aib = aiZ = 

where \ai\ = 2i + 1, \b\ = 2p — 1, \c\ = 2p, \x\ = 1, and \z\ = 2. 

Now consider the LHS spectral sequence for the middle column in fj3.5p : 

Therefore E^''^ = for p > 0, and E"'^ = {H'^{G; Wp))^"-' . The action of Zp_i on 
H^{G,¥p) is given by 

5(2 (x) = X, g2{z) = z, 5(2 (ttj) = 3^*+^^^'' 'ai, 5(2(6) = s^'fo, 52 (c) = s^'c. 

It is easy to write out all the invariants under the action of g2'- the ring of 
invariants is generated by {2<i<p), cP-\ and bc^-^ 

Let di = ap_2-id {0 < i < p — 2), e = bc^'"^, and / = c^~^. Then we have 

Theorem 3.7.1. 

H*{Hol{Zpr);¥p) = A{do, di,..., c?p_2, e, x) O Fp[/, z]/ddj = d^e = diZ = 
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where \di\ = 2{p - + 1) - 1, |e| = 2p{p - 1) - 1, |/| = 2p{p - 1), \x\ = 1, 
\z\ = 2. 

This also follows from theorem A, part (2), of [Hj . 

The LHS spectral sequence for if *(Hol(Zpr); Fp) is shown in figure ITHl and 
will be used in section 14.21 

3.8 Bockstein homomorphisms 

In this section we use the integer cohomology of Hol(Zpr) (which can be obtained 
from the last formula of section 2 using the universal coefficients formula) to 
compute the Bockstein homomorphisms in the Bockstein spectral sequence for 
H*(Ro\{Zpry,¥p). 

Cases r = 1 and r = 2 are special, so let r > 3. 

Since if^(Hol(Zpr); Z) = Zpr-i ©Zp_i, there exists a cycle in E'^_^ which is in 
the image of Pr-i- It is easy to see that if^(Hol(Zpr); Fp) is generated by z and 
if"'^(Hol(Zpr); Fp) is generated by x, so 

f3r-i{x) = CxZ, Ca; 7^ (mod p). 

Then ^r-i{z) = because p^_^ = 0, Pr-iixz"") = c^z"'-^\ and /3„(a;) = pn{z) = 
for n < r — 1. 

Since Zp is a direct summand of if^'''''~^''(Hol(Zpr); Z), and {dox, z^~^} is a 
basis for ij2{p-i)Hol(Zp.); Fp), some non-zero linear combination of dox and z^ 
is in the image of f3i. {do, xz^~'^} is a basis for ii^^^~"'^-*~^(Hol(Zpr); Fp), and we 
know that Pi{x) = Pi{z) = 0, so Pi{do) ^ 0. Let Pi{do) = Cdgdox + c^^z^~^ . Then 
(5i{dox) = c'^^z^~^x, but if^*-^~"'^^^^(Hol(Zpr); Z) does not have a Zp summand, 
therefore c^^^ =0. Thus 

(3i{do) = Cdodox, Cdo 7^ (mod p). 

Similarly, 

(3i{di) = Cd,diX, Cd, {mod p) , <i <p-2. 

Further, {e, xz^^^-^)-^} is a basis for ii2p(P-i)-i(Hol(Zp, ); Fp). If r > 3, 
then Zp2 is a direct summand of H'^^^P-^\'Ro\{Zpr);Z), and (32ixzP^^-^'^~^) = 
0, therefore /32(e) 7^ 0. If r = 3, then Zp2 © Zp2 is a direct summand of 
H'^f^P-^\Ro\{Zpr);Z), and (32ixzP^'f-^'^-^) = c^z^^^-^l and again we have that 
/32(e) must be non-zero. 

Since Zp is a direct summand of H^P^P-^'^+\}io\{Zpr);Z), {f,ex,zP^P-^'^} is 
a basis for ii2p(p-i)(Hol(Zp.); Fp), and /?i(e) = pi{x) = Pi{z) = 0, we con- 
clude that Piif) ^ 0. Let Pi{f) = cjez + c'^fx + c'^xz^^^-^l Also, Zp is a 
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direct summand of H^P^P-^'^+\Ro\{Zpr);Z), and {fx, ez,xz^^^ ^} is a basis for 
H^p(p-^)+^(^}lol{Zpr);¥p), therefore Pi{fx) = Cfczx ^ 0, so c/ ^ 0. 

Now back to /32(e). Since Pi{f) 7^ 0, / doesn't survive to the second stage of 
the Bockstein spectral sequence, therefore /32(e) = CgCX + c'^z^^'''~^\ 

If r > 3, then (32{x) = and thus /?2(ex) = c'^z'''^'^~^^ x = because Zp2 is not 
a direct summand of H'^P^P^^^+^{Ro\{Zpr); Z). Thus < = 0, and we have 

/32(e) = CeCX, Ce 7^ (mod p). (3.6) 

/?i(/e) = /3i(/) ■ e = c'jfxe + c"xz^*-^~^''e. Zp but not Zp © Zp is a direct 

summand of i/^P(P-^)(Hol(Zp.); Z), and (5i{fxzP'~P'^'^-^) = CfCxz^^P'^'^ where c/ ^ 

c" 

0. Therefore 4 = 0. So /3i(/) = c/ez + c"jXzP^p-'^\ Let e„e^ = e + -^x;^^^^-^)"^ 

Then we'll have (32{enew) = CgCX = CeCnewX, so we'll replace e by e„e«) and will 
right just e again. This gives 

f3i{f)=Cfez, cy^O(modp). (3.7) 

If r = 3, then /?2(ex) = —c^ez + d^z^^^'^^^'x (where 7^ 0) must be equal 
to module the image of /3i, and the only way this may happen is if /?i(/) = 

c" 

m{-c^ez + cy^P-^^x) = cjez + d'z^^P-^^x. Again, let e^^^ = e + -^xz^^'^-^^-^ . 

Then (32{enew) = CeCnewX and (3i{f) = CfCnewZ, so after replacing e by Cnew we'll 
have dsn and (ITTI) . 

Notice that ()3.7|) implies that /3i(e/) = 0. Moreover, it is easy to compute /3i 
of any product of powers of di, e, x, /, and z, and see that only elements of the 
form dixf^, e/", x, z, (where < n < p) and their products are mapped to 
under /?i. All higher bocksteins of z and diX are zero because there are no Zp. 
summands in the integer cohomology of Hol(Zpr) of degrees one more than the 
degrees of z and diX. All Bockstein homomorphisms of x we already know. 

If r > 3, then Zp2 is a direct summand of i7^P(*'-^)(Hol(Zpr); Z) and {e/, 
g^pCp-i)^ xz'^P^P~^'^~^} is a basis for the kernel of jSi in degree 4p{p — 1) — 1; 
but p2iezP^^-^^) = p2{xz^P^P-^^-^) = 0, so /32(e/) ^ 0. Let p2ief) = c^fcfx + 
c^jz'^P^P~^\ (The terms with fzP^P~^\ and exz^^^'^^ are not present in this 
linear combination because /?i of the first two elements is non-zero, and the third 
one is in the image of /?i.) Then I32{efx) = c^jz'^p^p~^^x = (because Zp2 is not 
a direct summand of if^^*-^~^-'^^(Hol(Zpr); Z)), and z'^^^^^^^x is not in the image 
of /3i, therefore c'^j = and we have 

p2{ef ) = Cefcfx, Cef ^ (mod p). (3.8) 

If r = 3, then Zp2 © Zp2 is a direct summand of if^^'(P-^)(Hol(Zp,.); Z). Now 
/?2(e2*'(P-^)) = and p2ixz^''^P-^^~^) = c.^^pCp-i)^ still have /32(e/) ^ 0. Let 
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/?2(e/) = Cefefx + c'^jZ^P^P~^\ Then f32{efx) = d^jZ^^^^-^^x - c^efz, but efz is 
in the image of (3i, since = 2fcfez. z^'^^^^^^x is not in the image of 

therefore we still have = and hence ()3.8p . 
Similarly, 

/92(e/") = CefnePx, Cef" 7^ (mod p), 2 < n < p - 2. 

lir A, then ZpS is a direct summand of iJ^^^*-^^^''(Hol(Zpr); Z), so there must 
be an element in E'^^ whose (3-^ is non-zero. If r = 4, then Z^s © ZpS is a 

direct summand of H^P'^P-^\Ro\{Zpr);Z); in this case /?3(x2p'(p'^)"^) ^ 0, but 
there must be another such element. Here is a basis for H^P'^P-^'^-\Ro\{Zpr);¥py. 
eF~\ efP-^-'z'P^P-^^ {l<t<p-l), fP-'xz'P^P-'^^-^ (1 < i < P - 1), xzP^'-P-^^-K 
However, p^iefP-^-'z'P^P-^^ = (it is easy to see that PsiePz) = and, as 
mentioned above, psiz) = 0), piifP-'xz'P^^-^'^-^^ = Cf{p - i)fP-'~^exz'P^P-^^ ^ 0, 
and in the case r > 4, (^^{xzP (p-i)-I) = q while in the case r = 3 (^^{xzP (p-i)-I) 
is not even defined. So Ps^ef^'^) ^ 0. 

Since Zp2 is a direct summand of H^^ '•^^^-'^^(Hol(Zpr); Z), there must be 
a cycle in E^^ ^ which is in the image of (32- An analysis of a basis for 
i72p'{p-i)(Hol(Zpr);Fp) similar to the preceding paragraph shows that the only 
possibility is that /?2(/*') ^ 0. An analysis of a basis for H^P'^P-'^^+\Ro\{Zpr);¥p) 
gives that /?2(/^) = cpep-^z + dj^f^x + df^xz'P''^P-^\ Also, if r > 3, then 
hif^x) = CfpefP~^zx 7^ (I bet nobody will ever read this mess, but just in case 
I will say that this is because Zp2 is a direct summand of i/2p'{p-i)+2(Hol(Zp.); Z)), 
so Cfp 7^ 0. If r = 3, then Zp2 © Zp2 is a summand of H^^ '•^~^'''''^(Hol(Zpr); Z), so 
in addition to (32{xzp'^p-^^) = ^^'(^-1)+! we must have (32{Fx) = cpef^-^zx + 
c^fPz ^ 0. But P2ip2ixzP^^P-'^'^)) = which implies that cjp ^ 0, c'^p = 0, and 
c'p = 0. Thus if r = 3 then 

P2{fn = cpefP-h, cp ^ (mod p). (3.9) 

Now look at PsiefP'^) again. Since /?2(/^) 7^ 0, doesn't survive to the third 
stage of the Bockstein spectral sequence, therefore /33(e/^~^) = Ce/p-ie/^~^x + 
c'^p.^zP'^-P-^K If r > 4, then p^ieF'^x) = c^^p-iz^'^^'-^^x = therefore c'^^-r = 0, 
and we have 

PsieF-') = c,fp^ieF-'x, Ce/P-i ^ (mod p). (3.10) 

If r = 4, then f3s{eF~^x) = c'^p-iZ^^'^P'^'' x - c^eF~^ z (where ^ 0) must be 
equal to module the image of /32, and the only way this can happen is if this is 
a multiple of P2{F) = CfpeF~^z. Therefore, we have c'^fp-i = and thus (|3.1U|) . 

If r = 3, then is in the image of P2, so we have (|3.1(J|) again. 
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Now we wish to show that ()3.9|1 holds even if r > 3. P2if^ ■ &f^^^) = 
{c'jpexf"^^"^ + CfpCxz^ (p-^) j-p-'^^ but not Zp2 © Zp2 is a summand of 
H^p'ip-^){}lol{Zpr);Z), and p2{xzP''^P-^^-^ = cpexz^^^^-^^ f^-^ , therefore c'^p = 
0. Similarly, it can be shown that c'p = 0, and 

PkiefP'^ '"^) = c^pk-2_^efP^ '^^x, Cg^pfc-2_i ^ (mod p) 

and 

Pk-i{F ) = Cpk-2eP ~^z, c^pfc-2 7^ (mod p). 

3.9 Continuous cohomology of Hol(Zpr) 

Recall (see ^) that if we have a group G = limGj, and coefficients A = limAj 

where the limits are taken over surjections pi : Gj+i Gi and injections ij : Aj 
Aj+i, and the actions of G„'s on A„'s are compatible, that is, (p„5f„+i)(a„) = 
fl'n+i(^n(«n)) for all a„ G A„ and (^n+i G then continuous cohomology of G 

with coefficients in A is defined by 

ff:,„,(G;/l)=lim(/7*(G„;A„)). 

It is well-known that for G„ = Zpn with natural surjections and An = Zp with 
in isomorphism for each n, H*^^^{G; A) = A(a;), \x\ = 1. 

Let Gn = Hol(Zpn) with surjections from example I2.4.8[ and An = Zp with 
in isomorphism for each n. Then the LHS spectral sequence for Hol(Z pn J maps 
into that for Hol(Zpn+i). For p = 2 (see figure . x„ i-^ Xn+i, Vn ^ Vn+i, 
Zn I— > 0, M„ I— > and Vn > 0. For p odd (see figure ITBj) . x„ t— > x„+i, z„ t— > 0, 

^n+i, and t-^ 0. Therefore we have 



2/1 = 1, P = 2, 



Theorem 3.9.1. if;„„i(lim(Hol(Zpn)); Fp) = 

A(x) © F2[m, yj/w^ = MX + My, |x| = |m| 

A(x), |x| = 1, 

(1 + t)^ 

The Poincare series o/ if*Q„j(lim(Hol(Z2n)); F2) is . 
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Chapter 4 



Holomorph of 



n 



p 



r 




4.1 Structure of Hoi 



Let be a commutative ring with a unit. Then Aut Rj , the group of au- 
tomorphisms of © which is regarded as a module over R, is isomorphic to 

n 

GL{n, R), the group of all invertible n x n matrices with entries in R. 



Lemma 4.1.1. 1. The group Hoi |^©i?J is isomorphic to the subgroup of 
GL{n + 1, i?) consisting of all the matrices of the form 



1 


* ... * 





n X n 




invertible 





matrix 



(4.1) 



the group of automorphisms of ® R fixing 

n+l 



ei 



1 






2. Alternatively, Yio\y®Rj is isomorphic to the subgroup of GL{n + 1,R) 
consisting of all the matrices of the form 
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" 1 


... ■ 


* 


n X n 




invertible 


* 


matrix 



the stabilizer of a rank n suhmodule of © R. 

n+l 



Proof. 1. Recall that Hoi |^©-RJ is defined by the split extension 

1 © i? ^ Hoi ( © i? ) ^ Aut ( © r] 1, 

where multiplication is defined by {f,x){g,y) = {fg,g^^{x) + y) for f,g & 
Aut ( © ) and x,y e ®R. 



Think of x G © i? as a vertical n— vector. For / G Aut I © i? J , let Mf be 
the n X n matrix such that f{x) = MfX for every x G © -R. There is a one- 

n 

to-one correspondence between elements (/, x) of Hoi ^© R^ and matrices 
of the form ()4.1|) , namely 



" 1 


x^ - 





{Mjr . 



This correspondence is a group homomorphism: multiplication of elements 
in Hoi ^© r \ regarded as a subgroup of GL{n + 1, i?) is as follows: 

{f,x){g,y) 



' 1 


x^ 





{Mjr 



1 


/ 1 




' 1 


y^ + x\M;r 



















(M-'x + y) 



T 



{fg,g-\x)+y). 



2. An isomorphism is given by 



1 





-MfX 





□ 
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Remark. This subgroup of GL{n+ 1, R) isomorphic to Hoi Rj is not normal. 
It is a classical fact that the stabilizer of a submodule ©Z2 C © Z2 is a 

n n+1 

maximal subgroup of GL{n + 1, Z2) (see |(XyNPW] ). We give a proof of this fact 
for completeness. 



For the rest of this section we will identify Hoi R ) with the subgroup of 
GL{n + 1,R) consisting of matrices of the form ()4.ip . 



Corollary 4.1.2. Hoi ( ©Z2 ) regarded as a subgroup ofGL(n + 1,7^2) cls above 
is maximal. 

Proof. First we show that Hoi I © Z2 ) and the permutation matrix 



(where missing cells are 0) generate all of GL{n + 1, Z2). Let A G GL{n + 1, Z2). 
If the first column of A is Ci, then A G Hoi I © Z2 ) . If the first column of A has 



the form Ai 



a 
1 




then 



A 



( 



VL 



A 



I 



The first matrix in this decomposition is in Hoi y® Z2 J , the second one is our 
permutation matrix -Pi, 2 5 and it is easy to check that the product in parenthesis 
is again in Hoi I © Z2 ) as it has the first column e\. 
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Here is a geometric interpretation of this decomposition. Given a basis in 
© Z2 with the first vector of the form Ai, there is a sequence of hnear transfor- 

n+l 

mations each of which either is given by a matrix in Hoi ^© ^ GL{n + l, Z2) 

or permutes ei and 62 and fixes all the other basis vectors, such that the com- 
posite of the transformations in this sequence transforms the standard basis into 
the given one. This sequence is as follows. First transform 62 into Ai and leave 
all the other basis vectors fixed. Then interchange the first two basis vectors. 
Finally, leaving the first vector fixed, transform all the other vectors as needed 
to obtain the given basis. 

If the i-th entry of ^4 is 1 for some i > 2, then 





a 


* 






" 1 






a 






b 


* 






1 




b 






X 


* 










/ 


X 




A = 






















1 


* 










1 






y 


* 










y 


I 



X 



" 1 
















1 








/ 








1 
















/ 





1 




1 








1 




1 








1 






a 
















/ 


X 








I 






1 




b 


















y 


I 








\ 













A 



I 

The first two matrices (and therefore their product, as will be needed below) 
are in Hoi ( © Z2 ) , the third one is Pi,2, and, again, it is easy to check that the 



product in parenthesis is in Hoi ( © Z2 ) . A geometric interpretation is similar 



(but now we added one step, namely, interchange the second and i-th vectors). 
Thus we proved that for any matrix A G GL{n + 1, Z2) there exist matrices 



B and C in Hoi 1^2 j such that A — BPi^2C. Now let M also be any matrix 
in GL{n + 1, Z2). Then there exist matrices K and L in Hoi I © Z2 ) such that 
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M = KPi^2L, therefore Pi,2 = K-'^ML'^, and 

A = BPi^2C = BK-^ML-^C. 

This shows that A is in the subgroup of GL{n + 1, Z2) generated by Hoi ( © Z2 
and M. Thus Hoi ( © Z2 ) is maximal in GL{n + 1, Z2). 



□ 

Remark. The above corollary does not hold for R 2,2 because ii x & R such 
that x 7^ or 1, then all entries except the first one of the first column of any 



product of matrices in Hoi ^© Z2 J and the diagonal matrix with diagonal entries 
1, ... 1, arc 0. 

Let p be prime. For a group G, let Sylp(G) denote the p-Sylow subgroup of 

G. 

Lemma 4.1.3. Syl ( Hoi ( © Zp ) ) is isomorphic to Syl {GL{n + 1, Zp)). 



Proof. It is well-known, and is easy to check by computing the order, that the 
upper-triangular matrices with I's on the diagonal form a p-Sylow subgroup of 
GL{n -\- 1, Zp). Namely, the order of GL{n -\- 1, Zp) is 



n n+1 



- 1)(P"+^ - P) . . . (P^^+^ - P") =\[P'\[{P'-1), 

and the order of the subgroup consisting of upper-triangular matrices with I's on 

n 

the diagonal is JJ^P*- 

Since Syl^ {GL{n + 1, Zp)) is contained in the subgroup of GL{n -\- 1, Zp) iso- 
morphic to Hoi ^© Zp^ , Sylp ^Hol ^ ^ Sylp {GL{n + 1, Zp)). □ 



Corollary 4.1.4. The inclusion 0/ Hoi |^©ZpJ into GL{n + l,Zp) induces an 
epimorphism in mod p homology and a monomorphism in mod p cohomology. 

Let Sylp(G'L(n, Zp))j denote the subgroup of the Sylp(G'L(n, Zp)) consisting 
of all the upper-triangular matrices with I's on the diagonal and om = if 
k ^ I, k > i (and anything to the right from the diagonal in lines 1 through i). 

Lemma 4.1.5. Ifi < j, 'S)Y\p{GL{n.i'Lp))i is normal in Sylp{GL{n,Zp))j. 
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Proof. Let 



" A 


B ' 





I 



where A is an i x i upper-triangular matrix with I's on the 



diagonal be any element of SyL(GL(n, Zp))j, and let 



" c 


D ' 





E 



where C and E 



are i x i and {n — i) x (n — i) respectively upper-triangular matrices with I's 
on the diagonal be any element of pGL{n, Zp). Then the inverse of 



" c 


D ' 





E 





-C-^DE-^ ' 


, and 


' C 


D ' 




' A 


B ' 






-C-^DE 







E-' 





E 







I 









E-' 




" CAC-^ 


-CAC 


-^DE- 


^ + CBE- 


^ + DE- 


-1 




where CAC'^ 







I 



triangular matrix with I's on the diagonal because C and A are such. □ 

However, I had no luck with calculating the mod p homology of 
Sylp(GL(n, Zp)) by running the LHS spectral sequence for 

1^ Sylp(G'L(n,Zp)),_i^ Sylp(G'L(n, Zp)), ^ © Z^ ^ 1 

n—i 

for each i from 2 to n - 1 (^E^^ ^ Hg Zp] Hr{Sy\p{GL{n, Zp))i_i; F^)^^ . 
If r > 2, Sylj, (roI (^®Zpr^^ ^ Syl^, {GL{n + 1, Z^.)) because 

\GL{n, Zpr)\ = (p™ - - . . . {p^^ - p(r-l)n+n-l^^ 



thus 
and 



\pGL{n,Zpr)\^p'-'-'^, 



pHol ^©Zpr^ 




p © Zpr 






n 



„2 n(n+l) 



pGL{n, Zpr) \ = ^ |pG'L(n + 1, Z^r 

Remark. The subgroup of GL{n, Z^r) consisting of matrices of the form 



where = l(mod p) and = O(mod p) is a p— Sylow subgroup of GL{n, Z^r). 
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4.2 Lyndon-Hochschild-Serre Spectral Sequence 

for H* ( Hoi ( eZ, 



n 



J pi 



Lemma 4.2.1. (Wilson's theorem) JJ^ c = — 1. 



CGFI 



Proof. F* is a cyclic group of order p — 1. Let s be a generator of F*. Then for p 
odd we have 



JJ c= JJs* = sVi=o / = s 



{p-l){p-2) ( p-^X 

2 1 = = -1. 



ceF* i=0 



□ 



Theorem 4.2.2. T/ie LES spectral sequence for the extension 



© Zpr HOI © Zpr ^ Aut © Zpr 



1 



does not collapse at the E2 stage if p = 2 and r >3, or p is odd and r > 2. 
Proof. Consider the map of extensions 

1 > ©Zpr > (Hol(Zpr))" > (Aut(Zpr))" > 1 



I Zr, 



HOI I © Zpr 



Aut © Z, 



by 



The LHS spectral sequence for H* I Hoi I © Zpr I ; Fp ) whose E2 stage is given 



= HP GL{n, Zpr); © Zp^; F^ 



maps into that for H* ((Hoi (Zpr))"" ; Fp). (The LHS spectral sequence for 

H* (Hoi (Zpr) ; Fp) is shown in figure 1X51 for p = 2, and in figure IXHl for p odd.) 

Recall that 

H* (©Zpr;Fp) = A[ui,...,Un](S)¥p[vu...,Vn\. 
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The vertical axis of our spectral sequence is given by 



the ring of invariants in /J^ ^©Zpr;FpJ under the action of GL(n,Zpr). This 
contains an analogue of Dickson algebra ¥p[di, . . . ,dn] (defined in jQ; see also 
|XM] 1. The action of GL{n, Z^r) on Fp[t;i, . . . , Vn] C H" ^© Zp,-- is given by 



M{x) = M^x for M e GL{n, Zpr) and x 



Xi 



Xr, 



G (Fp)"", where we identify 



Vi with the vector with i^^ coordinate equal to 1, and other coordinates 0. Every 
invertible n x n matrix permutes the elements of (Fp)", thus it permutes the 
set of linear combinations of the f j's, {ciVi + . . . CnVn \ Ci G Fp}. It follows that 

all the coefficients of the polynomial Y\ + ^I'^i + . . . + c„fn) are invariant 

ci,...,c„eFp 

under the action of GL{n, Zpr). Consider the coefficient of t. It is a homogeneous 
polynomial in fj's of degree — 1. In fact, it is the last generator dn of the 
Dickson algebra because the degrees of all other generators are divisible by p. It 
contains all the terms of the form 

(-1) V) <{2) •••<fn-l)<(n) 

where a is an element of the symmetric group Sn, because there is only one way 

to get this term: exactly -th of the multiples in the product |T (t + ciVi + 

p 

ci,...,c„eFp 

. . . + CnVn) (i.e. p""^ of them) does not contain ^^-(i) (when Ca-(i) = 0), thus 

multiples contain fo-(2), and so on. 
Note. The term we actually get this way is 



p^ — p^ 1 of the multiples contain fo-(i); exactly ^ — ^ of the remaining 



n^" " <;7 n 

cgf; J \c&i 
but by lemma 11^.2. II each product JJ^ (f = — 1 (mod p). 
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-p" 1 pU ^ P —p p— 1 

1) "^(7(2) • • • ^(T(n-l)'^<T(n) 



In the spectral sequence for H* ((Hoi (Zp. ))") we have 

- 2^ [^ail] ) ^a(2) ■ ■ ■ ^a(n) + • • • + ^.(1) • • • ^a(n-l)^2 [V^^^^ j 

E«r'-<.--%''^(<w)) 

n 

5Z (^-(i7" ' • • • ^a(n-i)"^^^{n)"-(")^-(")) ^ or p = 2 and r > 3 

5Z (^'(1)'"'' • • • ^a(n-i)«-(n)3;'(n)) if p = 2 and r = 3 



7^0 

since all the terms in the sum are linearly independent. The other terms in the co- 
efficient of t are of the form vl^v^ . . . v^" where the set of exponents {ei, . . . , e„} is 
not a permutation of {p^ —p^~^ ,p'^~^ —p'^~'^ , . . . p, p — 1}, so d2{vl^v'^ . . . v^") 
in the spectral sequence for H* ((Hoi (Zpi ))" ; Fp) is either or linearly indepen- 
dent from {c?2(f^^i]^" K"{2)~^" ■ ■ ■ '"l{n-ifl'in))\'^ ^ ^"i- Therefore the image 



of the coefficient of t under d2 in the spectral sequence for H* |^Hol Zpr J ; Fp 
is non-zero. □ 

Corollary 4.2.3. Let n>2. Then 

if p = 2 and r > 3, or if p is odd and r >2, where the action of GL{n,'Lpr) on 
H'^p""^ ^©Zpr;Fp^ is induced by the natural action of GL{n,Zpr) on TLpr . 

4.3 Congruence subgroups 

We have seen in example 12.4.81 that for k > I there is a reduction homomor- 
phism Hol(Zpfc) Hol(Zp;). Similarly, there is a reduction homomorphism 



Hoi I © Zpfc 1 Hoi I © Zp! ) . The goal of this section is to compute the co- 
homology of the kernel of 

Hoi ( © Zp. ) ^ Hoi ( © Zp ) . (4.2 
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for odd p. 

First recall a few definitions and a theorem from jP] (everything we need from 
|P] is also contained in |BPj ). Let p be an odd prime. 

For a finite p-group G, let fli{G) be the subgroup generated hj g & G such 
that = 1. The group G is called p-central if ^i{G) is central in G. 

A tower of groups is a sequence of p-central groups {Gi, G2, ■ ■ ■ , Gn} with 
surjective homomorphisms Hi : Gi Gt^i with Ker(7rj) = fii(G'j). 

The central extension 

1 ^ Q,{G,) ^ G, ^ G,_, ^ 1 (4.3) 

pulls back to 

1 ^ n.iGi) ^ ^ n^iG^-i) ^ 1. 

The p-power map : f2i(Gj_i) — i7i(G'i) is defined by 0(x) = E VtiiG.,) where 
a; G -Ej is a preimage of x G r2i(Gi_i). 

A tower of groups is called uniform if all the p-power maps of the tower are 
isomorphisms. 

Theorem 4.3.1. (W. Browder, J. Pakianathan, T. Weigel) Let {Gi, G2, ■ ■ ■ , G^} 
be a uniform tower with dim{Gi) = n. Then for 1 < k < N we have 

H*{Gk; Fp) = A(xi, . . . , x„) ® Fp[si, . . . , s„] 

where \xi\ = 1 (and for k > 1, Xi is induced from Gk-i) and \si\ = 2 (and for 
k > 1, Si "comes" from Q{Gk)), and H*{Gn', Fp) is given by the same formula if 
and only if the tower extends to a uniform tower {Gi, . . . , G^, G^+i}. 

It follows from the LHS spectral sequence for the extension ()4.3j) (see jP] for 
details) that the map H*{Gk-i) H*{Gk) is the identity map on the exterior 
part and trivial on the polynomial part. Let G = limG^. Then we have 

Corollary 4.3.2. i/,;„,(G; F^) = A{x,, . . . , a;„), = L 

We will show that the kernels of the reduction map ()4.2j) fit into an infinite 
uniform tower, and hence theorem 14.3. II is applicable. 

As in m, let F^^^ be the kernel of the reduction map GL{n, Z^fc+i) GL{n, Zp) 

Let V^°l be the kernel of the reduction map Hol^©Zpfc+i^ ^Hol^©Z 
We then have the following maps of extensions: 



^n,k ^ GL(n,Zpfc+i) >■ GL{n,Zp 

r„,fc-i > GL{n,Zpk) > GL{n, Zp 



(4.4) 
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and similarly 



■^Hol 
n.k 



pHol 

n,fc-l 



Hol 



' Zpfe+i 



Hol ( © Zp 1 ^ 1 



Hol I © Zpfe 



Hol © Z 



(4.5) 



Also, r^*^^ and r„ ^ fit into a split extension as follows: 



I Z„ 



^Hol 
n.k 



1 ^ © Zpfc+i > Hol ( © Zpfc+i 



Hol © 



n,k 



GL{n,Zpk+i) > 1 (^4 g) 



^^(n, Zp) 



Combining the first row of (j4.6|) and the reduction maps in (j4.4p and (j4.5p . 
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we get 



Ker!^°J Ker„ , 



■^Hol 

n,k 



n,k 



(4.7) 



pHol ^ , p 
in.fc-1 ^ i-n,k~l 



1 1 1 

We think of r„ ^ as the group consisting of matrices of the form 1 + pA (mod 
pfc+i^^ r„^fc-i consisting of matrices of the form 1 +pA (mod p^), and Ker^^fc then 
consists of matrices of the form 1 +p^A (mod p^^^)- 

Let 7r„ fc be the surjection in the middle column of ()4.7p . 



Theorem 4.3.3. For each G N, i/ie ^row^^s Tjf, rj^°^ • 
surjections 7Tn,k form an infinite uniform tower. 

The following four lemmas give a proof of this theorem. 

Lemma 4.3.4. F^^' is a p-group. 



together with the 



Proof |r^ 



Hoi I 

k 



)pZ. 



,k + l 



■ ir 



n,k I 



{P 



kyJGL{n,Zpk, 



kn 



p 



\GL{n,Zp)\ 

^p(k+l)n pkn^^p{k+iyn pkn+1^ ^p{k+l)n pkn+n-1^ 



p 



fc(n^+7i) 



□ 



(p*^ - l){p'' - p) . . . (p" - 

Lemma 4.3.5. Ker (tt^,, : ^ rjti) = (r^) ■ 

Proof Let g = {1 +pA,px) G 1^°^^ Then it can be easily shown by induction 



that g' 



l + ipA + 



tit 



p^A^ + 



tit — 1) 2 ^ o , 

, ipx p Ax + p [ 



. For 



2 ' ^ V ^ 2 

i = p (recall p is odd) we have g^ = (1 +p^y4+j9^(. . .),p'^x+p^(. . .)), so g^ = 1 -x^ 
p^A = and p'^x = (mod /+^) ^ A = p^'^B, x = p^'^y ^ g = (1 +/'5,/?/) 
^ g e Ker(7r„,fc). □ 

Lemma 4.3.6. ili (T^'^) is central in F^*^^ (thus F^^' is p-central). 
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Proof. Every element of fii commutes with every element of T^^': 

(1 +p^B,p^y){l +pA,px) = (1 +p^B +pA,p^y + px) = 

= {1 +pA,px){l+p''B,p''y) (modp^+^). □ 

Thus we have an infinite tower {r^f, r^°\ • • •} with 1^°/ = Qi (r^f) an 
elementary abelian p-group of rank + n. It is useful to say more about r^°'. 
Its elements have the form {l+pA,px) where 1+pA G GL{n,'Zp2) andpx G ©Zp2. 

n 

Let H be the group whose elements are pairs {A,x) with A G Matn-xni'^p) and 
a; G © Zp, and the multiphcation is given by (A, x){B, y) = {A + B,x + y). Thus 

n 

H is an elementary abelian group of rank n'^ + n. It is easy to check that the 
map 

^ H (4.8) 

defined by h{{l +pA,px)) = {A,x) (mod p) is an isomorphism. 
Now consider the p-power map for the central extension 

1 - ^1 (rS) ^E,^Q, (r^J_,) ^ 1 

m = g"- 

Lemma 4.3.7. The p-power map : f2i (L^*^!) is an isomorphism 

(so the tower is uniform). 

Proof Let g e (r^J.i), then g = (1 (mod Its lift to FJ^J 

is ^ = (1 (mod /+^). Then = (1 (mod /+^). 

Since p^-%k = /Z pfc+i, we have an isomorphism. □ 

Corollary 4.3.8. If p is odd, 

H* (r^J Fp) ^ A(x,„ ® Fp[s,,-, sz], 1 < j,l<n 

where \xij\ = \xi\ = 1 and \sij\ = |s/| = 2. For A; > 1, Xij's and Xi's are induced 
from and Sij 's and s/ 's "come" from ili {^n°k) ■ (The reason for using two 

indices for some generators and one index for others will be explained later.) 

Recall also (see |PJ) that for a central extension 

where V and W are elementary abelian p-groups, and the p-power map (p : W ^ 
V is an isomorphism, one defines a bracket on W by 

[x,y] = (f)'^{xyx'^y'^) 



60 



where x,y & G are preimages of x, y G W. 

Let {Gi,G2} be a uniform tower, i.e. 1 Qi{G2) — 6*2 ^ Gi — 1 is a 
central extension with (p : Gi ^ Qi{G2) an isomorphism of elementary abelian 
j9-groups. Then we have a bracket on Gi. J. Pakianathan proves that the tower 
{Gi,G2} extends to a uniform tower of length 3 if and only if this bracket is a 
Lie algebra bracket, i.e. it satisfies the Jacobi identity. 

Now let {Gi, G2, . . . , Gn} be a uniform tower, and let c^^s be the structure 
constants of the Lie algebra associated to G2 as above and denoted by Log{G2)- 
Then for p > 5 (the restriction p > 5 is needed because this approach uses 
Weigel's functors exp and log for powerful p-central Lie algebras and groups, see 
[We ), he obtains the following formulas for the first Bockstein homomorphisms 
P : Fp) ^ H*+\Gt,- F^) for 1< < iV: 



(4.9) 



We will use these formulas to calculate the first Bocksteins for T^^j^. First we 
derive an explicit formula for the bracket on r^°'. Recall that an element of T^°^ 
has the form (1 + pA, px) where 1 + pA G GL{n, Zp2) and px E Q) Zp2. 



n 



[{l+pA,px),{l+pB,py)] = (f) ^{{l+pA,px){l+pB,py){l+pA,px) ^{l+pB,py) ^' 

where we denote lifts of elements by the same symbols, only now the matrices 
and vectors are considered mod p^ rather than mod p^. 
(1 + pA,px){l + pB,py)(l + pA,px)~^{l + pB,py)~^ = 

= {l+pA,px){l+pB,py){{l+pA)-\ {l+pA){-px)){{l+pB)-\ {l+pB){-py)) = 
= {l+pA,px){l+pB,py){l—pA+p'^A'^,—px—p'^Ax){l—pB+p'^B'^,—py—p'^By) = 
= {1 + p'^iAB - BA),p'^{Ay - Bx)) (mod p ). 

The inverse of the p-power isomorphism "reduces" the exponent of p by 1, 
thus we get 

[{l+pA,px), {l+pB,py)] = {l+p{AB - BA),p{Ay - Bx)) (mod p^) 

For simplicity, we use the isomorphism (j4.8p to rewrite the bracket in terms 
of elements of the form (A, x) where A G MainxnC^p) and x G ©Zp. 

n 

Theorem 4.3.9. The Lie algebra bracket in F^^' is given by 

[{A, x), {B, y)] = {AB - BA, Ay - Bx). (4.10) 
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Let Eij be the n x n-matrix with the ij-th entry 1 and the other entries 0. 
Let El be the n-vector with l-th entry 1 and the other entries 0. Let Cjj = {Eij, 0) 
and ei = (0, Ei). Then {en, . . . , e„„, Ci, . . . , e„} is a basis for H isomorphic to 
r^°' by ()4.8|) . In this basis, the structure constants of the associated Lie algebra 
are as follows. 



c. 



'ij Im 




C, 



'ij Im 









Sti^jl 





Using (j4.9j) . we have 
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ij<lm i<l 
ij<lm ij<lm 



tl<lu 
( n 



iu<ti 



( t 



iCtzXiu if t < ^ a;i„a;ti if w < i 



i=t 



+ < 



a^HX/u if t>u 

{ i=t+i 



1=1 
t-i 



^ ] XiuXti if u > t 



Pi^t) — ^ ] i^XijXifn ^ ] iXijXi ^ ] Cj ^XjX; 

ij<lm ij,l i<l 

= - ^ StiSjiXijXi 

n 

Pi^tu) = im^ijXlm + C*!;* ^SjjO;; + cf'i^SiXim + cf^iSiXi 



ij,lm ij,l i,lm 

ij,lm ij,lm 



tl,lu 
n 



iu.ti 
n 



— ^ ] ^tl-^lu ^ ^ ^iu-^ti 
1=1 1=1 



— y^ C*j i^SijXim + C*^- + C* i^^SiXim + C* 



ij,lm 



i,lm 



Yl ^tiSjiSijXi - 



i,lm 

StlXl - Yi ^i^ti 



E 

ti,i 

n 

stixi 

1=1 



i,ti 
n 



1=1 



Thus we have 
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Theorem 4.3.10. If p > 3, then 

H* (r^J Fp) ^ A(x,„ a;,) ® Fp[s,„ si] 



1 < z, j, k,< n 



where \xij\ = \xi\ = 1 and \sij\ = \si\ = 2. ^4/50, if p > 5, the first Bocksteins are 
given by 



P{Xtu) 



t-1 



^ ^ XtiXiu ~\~ ^ ^ XiuXfi if t <C. U 

i=t i=l 
n t-1 

^ ^ XtiXiu -\- ^ ^ Xiy^Xfi if t "U 



i=t+l 



i=l 
t 





i=t+l 
n 




^ ^ XtiXi 
i=l 


P{stu) 


n 
i=l 


P{St) 


n 

^ ^j{,StiXi SiXti) 
i=l 



^ ^ XtiXiu ~\~ ^ ^ XiuXfi if t ^ U 
i=l 



Remark. We will see in the next section that these formulas hold for p = 2 and 
p = 3 as well. Notice that the formula for (3i{xtu) simplifies a little bit for p = 2. 



4.4 Minh and Symonds's approach: covers cases 
p = 2 and 3 

In this section we will show that Minh and Symonds's approach described in jMSj 
applies to F^^' for any prime p. Recall that if G is a pro-p group, then a closed, 
normal, finitely generated subgroup is almost powerfully embedded if 

• [G, N] c NP for p odd 

• [G, N] C A^^ and [A^, A^] C A^^ for p = 2 

where A^^ denotes the closure of the subgroup of A^ generated by p-th powers of 
its elements. 

Lemma 4.4.1. 1. If p is and odd prime, then any element of Zpk+i of the 
form 1 + p^a is the p-th power of some element of the form 1 + pb. 

2. Any element of Z2fe+i of the form 1 + 8a the square of some element of 
the form 1 + 46. 
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3. Any element ofZ2k+i of the form l + 16a is the fourth power of some element 
of the form 1 + 46. 

Proof. The author had quite an ugly proof of this lemma. The idea of the proof 
given below belongs to Michael Knapp. 

1. First notice that (1 + pbY = 1 + p'^a (modp'^^^), and conversely, since 

= X (modp), x^ = 1 + pa (mod p'^'*'^) implies that x = 1 (mod p), 
therefore x G Aut(Zpfc+i). Let s be a generator of Aut(Zpfc+i) = Z(p_i)pfc. 
Then 1 + p'^a = s* for some t, mod {p — l)p''. By theorem 5-1 of 
given t, the equation qp = t (mod {p — l)p^) has at most p solutions. 
Therefore the equation (s'^Y = s* (mod p'^'^^) has at most p solutions. 
Thus for each a, there are at most p numbers of the form 1 + pb such that 
(1 + pby = 1 + p^a (mod p^'^^)- There are numbers of the form 1 + pb 
and p''~^ numbers of the form 1 + p^a. Hence every equation (1 + pby = 
1 + p'^a (mod p^"*"^) has a solution. 

2. As in part 1, (1 + 46)'^ = 1 + 8a (mod 2'^"'"^), and conversely, since the 
square of an even number is even, x"^ = 1 + 8a (mod 2'^"'"^) implies x is 
odd, i.e. X e Aut(Z2fc+i) = Z2 © ^2^-1 =< -1 > © < 3 >. In this basis, 
1 + 8a is of the form (1, 3*) (it is easy to see that it can not be of the form 
(—1,3*)). The equation then can be rewritten as (61, ^2)^ = (lj3*). Since 
(61,62)^ = (1,62) = (1, (3")^), the equation becomes = 3* (mod 2^=+^) 
or 2g = t (mod 2^^"^). By 5-1 of jX], the latter has at most 2 solutions. Since 
we are only interested in solutions of the form 1 + 46 (but not 3 + 46), 61 is 
determined by 62. Since there are 2^~^ elements of the form 1 + 46 and 2^~^ 
elements of the form 1 + 8a, every equation (1 + 46)^ = 1 + 8a (mod 2'^"*'^) 
has a solution. 

3. The proof of this part is the proof of part 2 with minor modifications. 
First, (1 + 46)^ = 1 + 16a (mod 2'^"'"^), and conversely, since the fourth 
power of an even number is even, x'^ = 1 + 16a (mod 2^^^) implies x is 
odd, i.e. X e Aut(Z2fc+i) = Z2 © Zafc-i =< -1 > © < 3 >. In this 
basis, 1 + 16a is of the form (1, 3*). The equation then can be rewritten as 
(61, 62)^ = (1, 3*). Since (61, 62)^ = (1, 6^) = (1, (3^)^), the equation becomes 
(3«)^ = 3* (mod 2^=+^) or 4g = t (mod 2^-^). By 5-1 of jl], the latter has 
at most 4 solutions. Since we are only interested in solutions of the form 
1 + 46 (but not 3 + 46), 61 is determined by 62. Since there are 2^~^ elements 
of the form 1 + 46 and 2^~^ elements of the form 1 + 16a, every equation 
(1 + 46)^ = 1 + 16a (mod 2'^+^) has a solution. 

□ 

Theorem 4.4.2. Let k>2, and G = F^J = {{1 + pA,px){mod p''^^)}. 
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1. Ifp IS odd, let N = G. 

2. Ifp = 2, let N = {{1 + 4A,4x){mod 2''+^)}. 

Then N is almost powerful embedded in G. 

Proof. 1. We have seen that 

[{l+pA,px), {l+pB,py)] = (1 +/(v45 - BA),p'^{Ay - Bx)) (mod p^), 
thus [G,N] C {(1 + p^C,j9^z)(mod p''"''^)}. Now we will show that any 
element of the form (1 +p'^C,p'^z) is generated by the p-th powers of some 
elements of the form (1 +pD,pw). 

il+p'C,p'z) = {l+p'CMhp'z)= n il+p'E,„0){l,ph) 

where Eij is the matrix whose ij-ih entry is 1 and all the other entries 
are 0. By part 1 of lemma 14.4. H there exists x = O(mod p) such that 
(1 + x)P = 1 +p2(modp^+^). Then (1 +p2^ii,0) = ((1 + xEii)P,0). If 
i ^ J, then (1 +p%,0) = {{l+pEijY,0). Also, (l,p") = {l,pzY. Thus 
[G, N] c NP. 

2. Let (1 + 2A, 2x) G G and 1 + 4S, 4x) G A^. Then 

[(1 + 2A, 2x), (1 + AB, Ay)] = {1 + 8{AB - BA), 8{Ay - Bx)) (mod 16), 
thus [G,N] C {(1 + 8C,8z)(mod 2'=+^)}. The proof that any element of 
the form (1 + 8C,8z) is generated by the squares of elements of the form 
{1 + AD, Aw) is analogous to the proof of part 1 but is using |4.4TT] f2) instead 
oi Km (l). Thus [G,N] C N\ 

Now let (1 + AA,Ax) and (1 + AB,Ay) be elements of A^. Then 
[{l + AA,Ax),{l + AB,Ay)] = {1 + 1Q{AB - BA),lQ{Ay - Bx)) (mod 32), 
thus [A^, A^] C {(1 + 16C, 16z)(mod 2'=+^)}. The proof that any element of 
the form (1 + 16C, IQz) is generated by the squares of elements of the form 
(1 + 4Z), Aw) is analogous to the proof of part 1 but is using|13]T](3). Thus 
[A^, A^] C A^^ 

□ 



As in IMS], let 



$(Ar) = NP[G,N] = [G,N] 



{(1 +p^y4,p^x) (mod p''+^)} if p is odd, 
{(l + 8A8a;) (modp*-'+^)} if p = 2. 

For i > 1, define recursively a sequence of subgroups of G by 

$^(Ar) = A^ 

<f>i+UM\ - (f, ((f,i (AT\\ - S iC^+P'^^P'^) i^o^P''^^)} if pisodd, 
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The p-power map induces a map 



-G 



For i > 0, let 



where and Ker„° are as in section lOl For l<'j<A; — lin case p is odd, 
and for 0<i<k — 2 m case p = 2, is a vector space over Fp of dimension 
+ n, thus is uniform, or almost uniformly embedded in G. Also, each Ai is 
central in Gj, and we have successive central extensions 



Ai — > Gi — > 



for l<'j<A; — lin case p is odd, and for 0<i</c — 2in case p = 2, i.e. this 
construction brings us to the uniform tower of groups Gi = T^f studied in section 
14.31 Furthermore, since {FJ^*^^} is an infinite uniform tower, is ^-extendable in 
G for any k, thus all the results of section 3 of |MSj apply to our tower. Note that 
the formula 14.101 and thus our formulas for the Lie algebra structure constants 
and formulas for the Bockstein homomorphisms are valid for any p, so theorem 
14.3.101 holds for any prime number p. 
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Chapter 5 
Wreath product 

5.1 Definition of wreath product 

Definition 5.1.1. The wreath product of a permutation group P on q letters 
(i.e. a subgroup of Sg) and a group G is the semi-direct product 

PlG = PkC^ 

where P acts on the by permuting the factors. More precisely, elements of 
P are l)-tuples {a,xi, . . . , Xq) where a & P and fi e G, and the product 
is given by 

(a, xi,..., Xq)(r, yi,..., Vq) = ((JT, . . . , a^r-Hg)?/?)- 

Remark. There are different conventions for the multiplication of permutations, 
and hence different definitions of the multiplication in the wreath product. We 
use the convention ((jT)(i) = (T{T{i)). If the reader prefers the multiplication 
of permutations to be given by ((Tr)(i) = r(o"(i)), then they should replace the 
permutations on the right hand sides of all our definitions by their inverses. 

Define P ^ Aut(G'«) by 

(f>ia){xi, ...,Xq) = (a;^(i), . . .,x^^q)). 
Then the wreath product P iG is the puUback ^ in the following diagram: 

e > P 

Ho^G") > Aut(G'«) 

i.e. we have a map of split extensions 
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1 > G"? > PlG > P > 1 



1 > > Hol(G"?) > Aut(G'^) > 1 

We know from example 12.4.61 that (Aut(G'))'' and (Hol(G))'' can be regarded 
as subgroups of Aut(G"') and Hol(G"') respectively. We will now show that there 
are intermediate subgroups of Aut(G'^) and Hol(G'^) which are isomorphic to 
SglAnt{G) and SqlRo\{G). 

An element of Sg I Aut(G) is an {n + l)-tuple (a, fi, . . . , fq) where a E Sq and 
fi G Aut(G), and an element of Sq I B.o\{G) has the form (a, (/i, Xi), . . . , {fq, Xg)) 
where a G 5*^, fi G Aut(G), and Xj G G. 

Define Sg I Aut(G') ^ Aut(G"^) by 

(^(C^, /l, • • • , fq)){Xl, ...Xq) = {fa{l){Xail)), • • • , fa{q){Xa{q)))- 

Define now Sq I Hol(G) ^ Hol(G"?) by 

j((T, (/i, xi), . . . , (/q, X,)) = {i{a, /i, ...,/<;), (xi, ... , Xg)). 
Here is the verification that i and j are group homomorphisms: 

(^(C^, /l, • • • , fq)){{'i{T, 9l,---,9q)){Xl,..., Xq)) = 

= (^(C^, /l, • • • , /9))((^r(l)(a;r(l)), • • • , ^r(g)(a:r(g)))) = 

= (/a(l)(5'a(r(l))(a;CT(r(l)))), • • • , /(7(g) (fl'a(r(g)) (a;a(T(g)) ) ) ) , 

(i((cr, /i, . . . , /q)(r, ^1, . . . , . . . , Xg) = 

= fr-Hl)gi, ■ ■ ■ , fT-^{q)gq)){Xl, . . . , Xq) = 

= (/(<7r)r-l(l)5'(<7r)(l)(a;(aT)(l)), • • • , f{ar)r-^q)9(cTT)(q)iX(^r)iq)))- 

(jV, (/i, . . . , {fq, Xg)))(j(r, (^i, yi), . . . , (^g, Vq))) = 

= {i{a, /l, . . . , (Xl, . . . , Xg)){i{T, 5-1, ... , S-g), (yi, . . . , = 

= ((^(o-, /i, • • • , ^1, • • • , ^q)), {{iir, 91,..., gg))~^{xi, . . . , Xq))(?/i, . . . , yg)) = 

= (?((C^, fl,..., fq)ir, 9l,..., Qq)), ((^((r, Ql, . . . , ^g)"^))(Xl, . . . , Xg))(?/l, . . . , Vq)) = 
= . . . , fr-^q)9q), , 9~(l), 9r(q))){Xl, Xq)){yi, Vg)) = 

= (K'^T, /r-l(l)fl'l, • • • , fT-^{q)9q), {9l^ {Xr^^l)) , • • • , 9q^ {Xr-^{q))){yi, Vq)) = 

= (^(O-^, /r-l{l)^l, • • • , fr-Hq)9q), {9l^ {Xr-^l))yi, • • • , ^g"^ (x^-l (g) )?/g) ) , 

(/i, . . . , (/g, Xg))(r, {gi, yi),..., {9q, Vq))) = 

= Jicr^, (/r-l(l),a;r-l(l))(fl'l,l/l), • • • , {fr-l{q),Xr-l(g))i9q,yq)) = 

= Jicr^, (/r-l(l)fi'l, 9l iXr-l(l))yi), {fr-Hq)9q, 9q\Xr-l (g))yg)) = 

= iiicrr, fr-Hl)9l, fT-^{q)9q), {9l^ {Xr-^ {l))yi, • • • , fi-g"^ (x^-l (g) )yg) ) . 
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Therefore we have a map of spht extensions 

1 > ^ Sgmol(G) ^ Sqlkni{G) ^ 1 

j i 

1 > G" > Hol(G"?) > Aut(G'«) > 1 

Also, the following diagrams commute: 

SglSnlAnt{G) > SgnlAnt{G) 



and 



S^lAut{G") 



SglSr^l HoKG) 



Sg I Hol(G") 



Aut(G"?" 



HoKG"") 



5.2 Cohomology of Hoi ( 0Zp ) at noncharacter- 



n 



istic primes 



Wreath products come up in the calculation of the homology of classical groups: 
G{k) = GL{k,¥p), 0{k,¥p), Sp{k,¥p), or U{k,¥p2) with coefficients in where 
{l,p) = 1 (see [EE])- Namely, the inclusion 

Sg I Gic) ^ G{qc) 

(this is a special case of the inclusion 5*^ I Aut(G') Aut(G"') above) induces 
an epimorphism in mod I homology, where c = 2 if / = 2 and c is the smallest 
index for which |G(c)| is divisible by / if Z is odd. Using Quillen's lemma, this is 
improved as follows: the composite 

G{cy ^ Sg I G{c) ^ G{qc) 

induces an epimorphism in mod / homology. 
Since 



Hoi © Z, 



>Zp\ ■ \GL{k,Zp)\ =/ • \GL{k,Z. 



'V)\i 
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the results of |FP[ III, §5] apply to holomorphs. However, we are not getting any 
new information this way because 

H* (ro\ = {GL{n,Zpr);¥i) 

for {l,p) = 1. 



5.3 Permutative categories 

Recall (see e.g. jFPj ) that a permutative category (C, □, 0, c) is a small category 
€ with a bifunctor □ : £ x C — an object 0, and a natural isomorphism 
c : □ — s> Dr (where r:CCxCC— i>£x£isa transformation), i.e. a function 
c : Ob€ X ObC MorC such that for any a,/? G ObC, source(c(a, /?)) = aDP 
and target(c(a, = pOa, and such that for any A,Be Hom(a, the diagram 



an(3 7^5 



c(a,/3) 



c(7,5) (5.1) 



commutes, which satisfy the following properties: 

1. □ is associative, 

2. is a left and right unit for □, 

3. for all a G ObC, c(a, 0) = Iq, = c(0, a), 

4. for all a,f3e ObC, c(/?, a) = (c(a,/?))-\ 

5. for all a, /5, 7 G Ob€, (0(7, a)ni/3) o c(an/5, 7) = laOc{f3, 7). 

A permutative functor between permutative categories is a functor that com- 
mutes with □ and c, and sends to 0. 

As shown in |FPj . each family of classical groups with direct sum homomor- 
phism G{m) x G[n) — > G{m + n) forms a permutative category. Below we give 
some other examples of permutative categories. Let i? be a commutative ring 



with a unit. Recall the inclusion Hoi © i? x Hoi © i? ^ Hoi ® R] from 
example 12.4.61 The family < Hoi I © -R ) , > > forms a permutative category 
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(denoted by TCol{R)) as follows. Objects are nonnegative integers, and morphisms 
are given by 

0, if m 7^ n 



Hom(m, n) 



Hoi 



R 



if m = n. 



Consider Hoi y(B Rj as a subgroup of GL{n + 1,R) as described in lemma E. 1.11 
Define □ on objects by 



mDri = m + n 



and on morphisms by 



1 


T 1 

X 


□ 


' 1 















■ 1 


x^ 


T 

y 










_ 








and define the function c by 





' 1 








c(m, n) = 








In 













It is easy to check that these functions □ and c satisfy the required properties. 

The surjective and splitting homomorphisms between Hoi ^© R^ and GL(n, R) 

in the split extension for the holomorph form permutative functors between the 

permutative categories Tioli^R) and QC{R). However, the inclusions Hoi ^© R 

GL{n + 1, R) do not give a permutative functor. 
More generally, the inclusions 



and 



Aut(G"^) X Aut(G'"^ 
Hol(G"^) X Hol(G") 

Aut (*g\ X Aut G 



Aut(G'™+") 
Hol(G™+")^ 



Aut 



* G 

m+n 



give rise to permutative categories. 

Theorem 5.3.1. For any group G, the families 

(i) {Aut(G"),n > 0}, 

(ii) {Hol(G'"),n > 0}, and 

\m] <; Aut I * G 1 ,n > 

n 
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form permutative categories, denoted hy Aut{G"') andT-Col{G^) , with objects non- 
negative integers, morphisms given by 

r 0, 

(i) Aut(G") 
(Hi) Aut (* G ' 



Hom(m, n) 



if m n 
if m = n, 



bifunctor □ defined on objects by 

mDn = m + n 

and on morphisms by 

{i) fmOdn = fm ^ 9ny 

{a) {fm, {Xl,. . ., Xm))0{gn, {Vl, • • • , Vn)) = {fm X 9 ni {X\^ ■ ■ ■ 1 Xmi yii • • ■ 1 Un))-, 
{Hi) fmOgn = fm'X Qn 

where in (i) and (li) fm G Aut(G""), E Aut(G'"), and fm x gn ^ Aut(G""+") 
is the product of fm and gn, in (Hi) fm G Aut ^* , gn G Aut ; ^^"^ 

fm X Qn G Aut I * G] is the product of fm and gn, and 

\ m+n J 

{i) c{m,n) = Sm,n, 

{a) C{m,n) = {Sm,nAG"^+"), 

Xi+n if 1 <i <m, 

Xi—m 



{Hi) c{m,n){xi) 



if m + 1 < i < n, 
where Sm,n £ Aut(G"^'''"') is defined by 

^m,n{Xly • • • ) Xmj Xm+ly • • • ; Xm-\-n) {Xm+ly • • • ; Xm+m Xi, • • • ; Xm)y 

and l(jm+n is the identity element in G™''"". There are permutative functors be- 
tween Aut{G^) andT-Col{G") given by the identity maps on objects and the natural 
maps between Aut(G"") and Hol(G™) on morphisms. 

The proof of this theorem is a straightforward verification given next. 
Proof. Commutativity of 15.11 

(i) since (xi, ...,Xk) = {xi, 1, . . . , l)(l,a;2, 1, . . . , 1) . . . (1, . . . , l,Xk), it suffices 
to check commutativity of the diagram on elements of the form 
(1, . . . , 1, X, 1, . . . , 1). Let X be in the i-th place. If 1 < i < m, we have 



^l,...,l,x, !,...,!) 



c{m,n) 



1 1-1 1x1 1 



/X9 



gxf 



{Xly • • • ) Xmj Ij • • • ; 1) 

c(m,n) 



'1, 



1 , Xl . . . , Xn 



The case m+l<i<m + nis similar. 

(ii) c{m,n){{f, . . .,Xrn))D{g, {yi, . . .,?/„))) = 

= {Sm,n, 1g™+")(/ X g, {Xi, ...,Xm,yi,-- ■ , Vn)) = 
= {Sm,n °{f X g), {Xl, . . . , X^, yi, . . . , Vn))- 

(g, {yi, yn))0((f, (xi,..., Xm)))c{m, n) = 

^ {9 X f, {yi, ■..,yn,Xl,.. .,Xm)){Sm,n, 1g-+") = 

= {{9 X /) ° Sm,n, {Sm,nr'^{yi, • • • , l/n, ^^l , . . . ,X^)lGm+n) = 

= {{g X /) ° Sm,n, {Sn,m){yi, • • • , l/n, 2^1, • • • ,0;^)) = 

= {{g X /) O (xi, X^, yi, ...,!/„)) = 

= (sm,n °{f X g): {xi, . . . , x^, ^i, . . . , ^n)) by part (i). 

(iii) As in part (i), we will check the commutativity of the diagram on 
generators. If 1 < i < m, we have 



Xi ^ / \Xi 



c{m,n) 



c{m,n) 



Xi+n ^ f{Xi-\-n) 

The case m+l<i<m + nis similar. 
Axioms: 

1. □ is associative because multiplication in Aut(G") is. 

(i) (/m X g-n) hp — fm X ((y'n X Zip), 

(ii) (/„ X g^) X hp, {xi, x^, yi, ...,?/„, Zi, ... , Zp)) = 

= (/m X X hp), (xi, . . . , X^, Ui, . . . , Un, Zi, . . . , Zp)), 

(iii) same as (i). 

2. is a unit in Z. 

3. (i) c(m, 0) = s^,o = lAut(G-) = so,m = c(0, m), 

(ii) c(m, 0) = (s^,o, 1g-) = (so,m, 1g-) = c(0, m), 

(iii) c(m,0) = = c(0,m). 



4. (i) c(m, n)c(n, m) (Xi, . . . , X^n+n) — Sm,nSn,m{xi, Xjn+n) — 

— Sm,n{Xn+lj ■ ■ ■ t Xm+m Xi, . . . , Xn) — {xi, . . . , Xj^+n) — lAut(G'"+")) 

(ii) c(m,n)c(n,m) = (Sm,n, lG'"+»)(Sn,m, 10-"+") = (Sm,nSn,m, 1g'"+") = 

— (lAut(G"'+")) 1g"'+") — 1ho1(G"'+")) 



74 



(iii) if 1 < z < m, then c(m, n)c{n, m){xi) = c{m, n){xi-i-m) 
the case ■m+l<i<m. + nis similar. 



X 



i+m—m 



— Xi 



5. (i) {{c{p,m)Ulr,)oc{m + n,p)){xi,...,Xm+n+p) = 

— {^p,m ^ ^Aut{G")) ^m+n,p{^l 1 ■ ■ ■ t ^m+n+p) — 

— {^p,m ^ lAut(G")) (-^m+n+l ) ■ ■ ■ i •^m+n+pi ■ ■ ■ i ^m+n) 
(Xi, . . . , XjYi, XfYi^n+ly • • • ) •^m+n+pi •^m+lj • • • i •^m+n) 

= (lAut(G'") X Sn^p){Xi, . . . ,Xm+n+p) = ^m^C^n, p){xi, . 

(c(p, m)ni„) o c(m + n,p) = 

= ((Sp,m? lG™+p)n(lAut{G"); 1g")) ° (Sm+?i,p, 1g™+"+p) = 



) •^m+n+p) 1 
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p,m ^ lAut(G")) 



— ((*p,m X lAut(G"))Sm+n,p) 1g'"+"+p) — (lAut(G'") ^ ^n.p) ^G'^+n+p) — 
= (lAut(G'"), lG'")n(Sn,p, 1g"+p) = (lmnc(n,p)), 

(iii) if 1 < i < m, then ((c(p, m)ni„) o c(m + n^p)){xi) — 
= (c(p,m)Dln){xi+p) = Xi = {lmOc{n,p)){xi); 
ifm + l<i<m + n, then ((c(j9, m)nin) o c(m + n,p))(a;i) = 
= (c(p,m)ni„)(a;j+p) = Xj+p = {1^0c{n,p)){xi); 
ifm + n + l<i<m + n + p, then ((c(p, m)ni„) o c(m + ri,p))(xj) 

— ?77.)ni„)(xj_TO_„) = = = {l„JIlc{n,p)){xi). 



□ 



These permutative categories give rise to infinite loop spaces which will be 
studied later. 

Remark. The family |Ho1 ,^ > o| is not a permutative category because 

there is no "natural" map Hoi (* G) x Hoi (*G) ^ Hoi ( * G). 

\m / \n / \m+n J 
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Chapter 6 

Injectives in the category of 
groups 

6.1 Introduction 

This chapter is independent from the previous ones. In the next section we give a 
short proof of a theorem ()(j.l.2|l proved by S. Eilenberg and J. C. Moore in |EMj . 

Definition 6.1.1. An object / in a category €. is called injective if for any 
monomorphism K L, and any map K ^ I, there is a map L ^ I such that 
the diagram 

1 > K ^ L 

/ 

- / 
/ 

commutes. 

Theorem 6.1.2. (S. Eilenberg, J. C. Moore) The only injective object in the 
category of groups is the trivial group. 

We will need the following lemma. It follows from a classical proof of the fact 
that the free group on two letters contains the free group on countably many 
letters. We recall a proof of the lemma because we do not know reference for the 
lemma in this exact wording. 

Lemma 6.1.3. (Classical) Let F[a,b] denote the free group on letters a and b. 
Then the group homomorphism 



F[a,b] F[c,d] 
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given by 



a 



b (-^ dcd 



'-1 



is an injection. 

Proof. Consider the covering space of a bouquet of two circles shown in figure 
16. II on the next page. The covering space is homotopy equivalent to a bouquet of 
countably many circles, and hence its fundamental group is isomorphic to the free 
group on countably many generators. Classes of loops a and b shown in figure EISl 
generate a free subgroup F[a,b]. The fundamental group of the covering space 
injects into the fundamental group of the bouquet which is isomorphic to the free 
group on two generators, say, F[c, d] (see figure 6.3). Let i denote the restriction 
of this injection on F[a, b], then we have 



F[a, b] 



F[c,d], 



lib) 



dcd 



□ 
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Figure 6.1: Covering space of a bouquet of two circles 




b 



Figure 6.2: Two loops whose classes generate subgroup F[a, b] of the fundamental 
group of the covering space 

d 




Figure 6.3: The fundamental group of the bouquet of two circles is free on two 
generators 



6.2 Proof of theorem 16.1.21 

Proof. Suppose G is injective, and let x G G be any element. Let the homomor- 
phism 



F[a, b]^G 

/(«) = 1 
f{b) = X 



be given by 



and let F[a, h] F[c, d] be as in lemma lU.1.31 Then there exists a homomorphism 

F[c, d]^G 

such that the diagram 

1 ^ F[a, h] — — ^ F[c, d] 



f 



/9 



G 



commutes. Then we have 



and 



^(c) = ^(^(a)) = /(a) = 1, 



X = f{b) = am) = gidcd-') = gid)g{c)g{d-') = g{d)l{g{d))-^ = 1, 
i.e. any element of G is the identity. 



□ 
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